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Abstract 



In the first half of this text we explore the interrelationships between the ab- 
stract theory of limit operators (see e.g. the recent monographs of Rabinovich, Roch 
and Silbermann [85] and Lindner [63]) and the concepts and results of the gen- 
eralised collectively compact operator theory introduced by Chandler- Wilde and 
Zhang [26]. We build up to results obtained by applying this generalised collec- 
tively compact operator theory to the set of limit operators of an operator A (its 
operator spectrum). In the second half of this text we study bounded linear op- 
erators on the generalised sequence space £ P CZ N ,U), where p£ [l,oo] and U is 
some complex Banach space. We make what seems to be a more complete study 
than hitherto of the connections between Fredholmness, invertibility, invertibility 
at infinity, and invertibility or injectivity of the set of limit operators, with some 
emphasis on the case when the operator A is a locally compact perturbation of the 
identity. Especially, we obtain stronger results than previously known for the subtle 
limiting cases of p = 1 and oo. Our tools in this study are the results from the 
first half of the text and an exploitation of the partial duality between I 1 and £°° 
and its implications for bounded linear operators which are also continuous with 
respect to the weaker topology (the strict topology) introduced in the first half of 
the text. Results in this second half of the text include a new proof that injectivity 
of all limit operators (the classic Favard condition) implies invertibility for a general 
class of almost periodic operators, and characterisations of invertibility at infinity 
and Fredholmness for operators in the so-called Wiener algebra. In two final chap- 
ters our results are illustrated by and applied to concrete examples. Firstly, we 
study the spectra and essential spectra of discrete Schrddingcr operators (both self- 
adjoint and non-self-adjoint), including operators with almost periodic and random 
potentials. In the final chapter we apply our results to integral operators on M. N . 
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CHAPTER 1 



Introduction 



1.1. Overview 

This text develops an abstract theory of limit operators and a generalised col- 
lectively compact operator theory which can be used separately or together to 
obtain information on the location in the complex plane of the spectrum, essen- 
tial spectrum, and pseudospectrum for large classes of linear operators arising in 
applications. We have in mind here differential, integral, pseudo-differential, differ- 
ence, and pseudo-difference operators, in particular operators of all these types on 
unbounded domains. This text also illustrates this general theory by developing, 
in a more complete form than hitherto, a theory of the limit operator method in 
one of its most concrete forms, as it applies to bounded linear operators on spaces 
of sequences, where each component of the sequence takes values in some Banach 
space. Finally, we apply this concrete form of the theory to the analysis of lattice 
Schrodinger operators and to the study of integral operators on Mr. 

Let us give an idea of the methods and results that we will develop and the 
problems that they enable us to study. Let Y = £ p = £ P (Z,C), for 1 < p < oo, de- 
note the usual Banach space of complex-valued bilateral sequences x = (x(rn)) m ^z 
for which the norm ||x|| is finite; here ||x|| := sup m |x(m)|, in the case p — oo, while 
||x|| := QZ mg z \x(m)\ p ) 1 / p for 1 < p < oo. Let L(Y) denote the space of bounded 
linear operators on Y , and suppose A £ L(Y) is given by the rule 

(1.1) Ax(m) = y a mn x(n), m G Z, 

for some coefficients a mn £ C which we think of as elements of an infinite matrix 
[A] = [a mn ] m . nl zz associated with the operator A. Of course A, given by (1.1), is 
only a bounded operator on Y under certain constraints on the entries a mn . Simple 
conditions that are sufficient to guarantee that A £ L(Y), for 1 < p < oo, are to 
require that the entries are uniformly bounded, i.e. 

(1.2) sup|a m „| < oo, 

and to require that, for some w > 0, a mn = if \m — n\ > w. If these conditions 
hold we say that [A] is a band matrix with band-width w and that A is a band 
operator. We note that the tri-diagonal case w = 1, when A is termed a Jacobi 
operator, is much-studied in the mathematical physics literature (e.g. [105, 59]). 
This class includes, in particular, the one-dimensional discrete Schrodinger operator 
for which a mn = 1 for \m — n\ = 1. 

It is well known (see Lemma 6.39 below and the surrounding remarks) that, 
under these conditions on [A] (that [A] is a band matrix and (1.2) holds), the 
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spectrum of A, i.e. the set of A £ C for which XI — A is not invertible as a member 
of the algebra L(Y), is independent of p. One of our main results in Section 6.5 
implies that also the essential spectrum of A (by which we mean the set of A for 
which XI — A is not a Fredholm operator 1 ) is independent of p. Moreover, we prove 
that the essential spectrum is determined by the behaviour of A at infinity in the 
following precise sense. 

Let h — {h(j))j e m C Z be a sequence tending to infinity for which it holds 
that a m +h(j),n+h(j) approaches a limit a m>n for every m,n 6 Z. (The existence 
of many such sequences is ensured by the theorem of Bolzano- Weierstrass and a 
diagonal argument.) Then we call the operator Ah, with matrix [Ah] = [a mn ], a 
limit operator of the operator A. Moreover, following e.g. [85], we call the set of 
all limit operators of A the operator spectrum of A, which we denote by o~ op (A). 
In terms of these definitions our results imply that the essential spectrum of A 
(which is independent of p £ [1, oo]) is the union of the spectra of the elements Ah 
of the operator spectrum of A (again, each of these spectra is independent of p). 
Moreover, this is also precisely the union of the point spectra (sets of eigenvalues) 
of the limit operators Ah in the case p — oo, in symbols 

(1.3) spec ess (j4) = ^A h e<r°v(A){^ '■ A%x — Xx has a bounded solution x ^ 0}. 

This formula and other related results have implications for the spectrum of A. In 
particular, if it happens that A £ cr° p (A) (we call A self-similar in that case), then 
it holds that 

(1.4) spec(A) = spec ess (A) = L)A hea o P ( A - ) {X : Af t x — Xx has a bounded solution}. 

In the case A £" a° ? (A) we do not have such a precise characterisation, but if we 
construct B £ L(Y) such that A £ a op (B) (see e.g. [63, §3.8.2] for how to do this), 
then it holds that 

(1.5) spec(A) C spec ess (i?) = U Bhea o P ( B - ) {X : BhX = Ax has a bounded solution}. 

A main aim of this text is to prove results of the above type which apply 
in the simple setting just outlined, but also in the more general setting where 
Y = £ P (Z N ,U) is a space of generalised sequences x = (x(m)) rn€Z N , for some 
N £ N, taking values in some Banach space U. In this general setting the definition 
(1.1) makes sense if we replace 1 by Z N and understand each matrix entry a mn as 
an element of L(U). Such results are the concern of Chapter 6, and are applied 
to discrete Schrodinger operators and to integral operators on WL N in the final two 
chapters. 

This integral operator application in Chapter 8 will illustrate how operators 
on M. N can be studied via discretisation. To see how this simple idea works in the 
case iV = 1, let G denote the isometric isomorphism which sends / £ L P (M.) to the 
sequence x — (x(m)) me z & i v (7L, L p [0, 1]), where x(m) £ L p [0, 1] is given by 

(x(m))(t) = f(m + t), meZ, 0<t<l. 



Throughout we will say that a bounded linear operator C from Banach space X to Banach 
space Y is: normally solvable if its range C(X) is closed; semi-Fredholm if, additionally, either 
ot(C) := dim(kerC) or /3(C) := dim(Y/C(X)) are finite; a $+ operator if it is a semi-Fredholm 
operator with a < oo, and a <E>_ operator if it is semi-Fredholm with < oo; Fredholm if it is 
semi-Fredholm and both a and are finite. If C is semi-Fredholm then a(C) — /3(C) is called the 
index of C. 



1.1. OVERVIEW 



Then the spectral properties of an integral operator K on L P (R), whose action is 
given by 



K/(t)= / k(s,t)f(s)ds, tgR, 
Jr 
for some kernel function k, can be studied by considering its discretisation K :— 
GKG^ 1 . In turn K is determined by its matrix [K] = [K mn ]m.ngi, with K mn e 
L(L p [0, 1]) the integral operator given by 

Kmng(t) = / k(m + s, n + t)g(s)ds, < t < 1. 



Let us also indicate how the results we will develop are relevant to differential 
operators (and other non-zero order pseudo-differential operators). Consider the 
first order linear differential operator L, which we can think of as an operator from 
BC^R) to BC(R), defined by 

ly(t)=y'(t)+a(t)y(t), teR, 

for some a € BC(R). (Here BC(R) C L°°(R) denotes the space of bounded 
continuous functions on R and BC^R) := {a; € BC(R) : x' e BC(R)}.) In 
the case when a(s) = 1 it is easy to see that L is invertible. Specifically, denoting 
L by Li in this case and defining Ci : BC(R) -> BC l (R) by 



CiZ/W = / K(s-t)y(s)da, 

JR 

where 

K (s) ■= { eS ' S < °' 
1 0, otherwise, 

it is easy to check by explicit calculation that LiCi = Cil_i = I (the identity 
operator). Thus the study of spectral properties of the differential operator L is 
reduced, through the identity 

(1.6) L=L 1 + M a _ 1 = L 1 (l + K), 

where M Q _! denotes the operator of multiplication by the function a — 1, to the 
study of spectral properties of the integral operator K = CiM a _i. 

This procedure of reduction of a differential equation to an integral equation 
applies much more generally; indeed the above example can be viewed as a special 
case of a general reduction of study of a pseudo-differential operator of non-zero 
order to one of zero order (see e.g. [85, §4.4.4]). One interesting and simple gener- 
alisation is to the case where L is a matrix differential operator, a bounded operator 
from (BC^R))* 1 to {BC(R)) M given by 

Lx(t) = x'(t) + A{t)x(t), t e R, 

where A is an M X M matrix whose entries are in BCiR). Then, modifying the 
above argument, the study of L can be reduced to the study of the matrix integral 
operator K = QVA A _ I . Here M A _j is the operator of multiplication by the matrix 
A — I (I the identity matrix) and C is the diagonal matrix whose entries are the 
(scalar) integral operator Ci. 

Large parts of the generalisation to the case when the Banach space U is infinite- 
dimensional apply only in the case when A = I + K, where I is the identity operator 
and the entries of [K] = [K m n]m,nez are collectively compact. (Where X is some 
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index set, a family {Ai : i £ X} of linear operators on a Banach space U is said to 
be collectively compact if {A t x : i £ X, X £ U, \\x\\ < 1} is relatively compact in U.) 
The first half of this text (Chapters 2-5) is devoted to developing an abstract theory 
of limit operators, in which Y is a general Banach space and in which the role of 
compactness and collective compactness ideas (in an appropriate weak sense) play 
a prominent role. Specifically we combine the abstract theory of limit operators 
as expounded recently in [85, Chapter 1] with the generalised collectively compact 
operator theory developed in [26], building up in Chapter 5 to general results in 
the theory of limit operators whose power we illustrate in the second half of the 
text, deriving results of the type (1.3). 

Let us give a flavour of the general theory we expound in the first half of the 
text. To do this it is helpful to first put the example we have introduced above in 
more abstract notation. In the case Y — £ p — £ P (Z,C), let Vk £ L(Y), for k € Z, 
denote the translation operator defined by 

(1.7) Vkx(m) = x(m — k), meZ. 

Then it follows from our definition above that A^ is a limit operator of the operator 

A defined by (1.1) if \V_ h ^AV h ^} (the matrix representation of V_f l u)AVf l (j- ) ) 

converges elementwise to [Ah] as j — > oo. Let us introduce, moreover, P n £ L(Y) 

defined by 

, . / x{m), \m\ < n, 
P n x(m) = < V. ,i 

[ 0, otherwise. 

Given sequences (y n ) C Y and (B n ) C L(Y) and elements y £ Y and B £ L(Y) 

let us write y n — » y and say that (y n ) converges strictly to y if the sequence (y n ) is 

bounded and 

(1.8) ||P m (x„ — x)|| — > as n — > oo, 

for every m, and write B n — > B if the sequence (B n ) is bounded and 

(1.9) \\P m (B n - 5)11 -* and \\(B n - B)P m \\ -> as n -> oo, 
for every m. Then Ah is a limit operator of A if 

(1-10) V_ h{n) AV h{n) 4 A h . 

Defining, moreover, for b = {b(m)) meZ £ (-°° i the multiplication operator M b £ 
L(Y) by 

(1.11) M b x(m) = b(m)x(m), m € Z, 

we note that A is a band operator with band width w if and only if A has a 
representation in the form 

(1-12) A= J2 M " k V kl 

\k\<iu 

for some b k £ l°° ■ The set BO(Y) of band operators on Y is an algebra. The 
Banach subalgebra of L(Y) that is the closure of BO(Y) in operator norm will be 
called the algebra of band- dominated operators, will be denoted by BDO(Y), and 
will play a main role in the second half of the text, from Chapter 6 onwards. 

In the general theory we present in the first five chapters, following [85] and [26], 
Y becomes an arbitrary Banach space, the specific operators P n are replaced by a 
a sequence V = (P n )J£L of bounded linear operators on Y, satisfying constraints 
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specified at the beginning of Chapter 2, the specific translation operators V n are 
replaced by a more general discrete group of isometric isomorphisms, and then 
the definitions (1.8), (1.9), and (1.10) are retained in essentially the same form. 
The notion of compactness that proves important is with respect to what we term 
(adapting the definition of Buck [12]) the strict topology on Y, a topology in which 
— > is the sequential convergence. Moreover, when we study operators of the form 
A = I + K it is not compactness of K with respect to the strict topology that we 
require (that K maps a neighbourhood of zero to a relatively compact set), but 
a weaker notion, that K maps bounded sets to relatively compact sets, operators 
having this property sometimes denoted Montel in the topological vector space 
literature. (The notions 'compact' and 'Montel' coincide in normed spaces; indeed 
this is also the case in metrisable topological vector spaces.) 

In the remainder of this introductory chapter, building on the above short 
overview and flavour of the text, we detail a history of the limit operator method 
and compactness ideas applied in this context, with the aim of putting the current 
text in the context of extensive previous developments in the study of differential 
and pseudo-differential equations on unbounded domains; in this history, as we shall 
see, a prominent role and motivating force has been the development of theories 
for operators with almost periodic coefficients. In the last section we make a short, 
but slightly more detailed summary of the contents of the chapters to come. 



1.2. A Brief History 

The work reported in this text has a number of historical roots. One we have 
already mentioned is the paper by Buck [12] whose strict topology we adapt and 
use throughout this text. A main thread is the development of limit operator ideas. 
The historical development of this thread of research, which commences with the 
study of differential equations with almost periodic solutions, can be traced through 
the papers of Favard [37], Muhamadiev [71, 72, 73, 74], Lange and Rabinovich 
[55, 56, 57], culminating in more recent work of Rabinovich, Roch and Silber- 
mann [83, 84, 85]. The other main historical thread, which has developed rather 
independently but overlaps strongly, is the development of collectively compact op- 
erator theory and generalisations of this theory, and its use to study well-posedness 
and stability of approximation methods for integral and other operator equations. 

Limit Operators. To our knowledge, the first appearance of limit operator 
ideas is in a 1927 paper of Favard [37], who studied linear ordinary differential 
equations with almost periodic coefficients. His paper deals with systems of ODEs 
on the real line with almost periodic coefficients, taking the form 

(1.13) x'{t) + A(t)x(t) = f(t), teR, 

where the M x M matrix A(t) has entries that are almost periodic functions of 
t and the function / is almost periodic. A standard characterisation of almost 
periodicity is the following. Let T(A) := {V S A : s £ M.} denote the set of translates 
of A (here (V s A)(t) = A(t — s)). Then the coefficients of A are almost periodic if 
and only if T{A) is relatively compact in the norm topology on BC(M). If A is 
almost periodic, the compact set that is the closure of T(A) is often denoted H(A) 
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and called the hull of A. A main result in [37] is the following: if 

(1.14) x'(t) + A(t)x(t) = 0, teR, 

has only the trivial solution in BC 1 (R), for all A £ T-L(A), and (1.13) has a solution 
in BC 1 (R), then (1.13) has a solution that is almost periodic. (Since A £ H(A), 
this is the unique solution in BC 1 (R).) 

Certain of the ideas and concepts that we use in this text are present already 
in this first paper, for example the role in this concrete setting of the strict conver- 
gence — > and of compactness arguments. In particular, conditions analogous to the 
requirement that (1.14) have no non-trivial bounded solutions for all A £ H(A) will 
play a strong role in this text. Conditions of this type are sometimes referred to as 
Favard conditions (e.g. Shubin [102, 103], Kurbatov [52, 54], Chandler- Wilde & 
Lindner [20]). 

The first appearance of limit operators per se would seem to be in the work of 
Muhamadiev [71, 72]. In [71] Muhamadiev develops Favard's theory as follows. 
In terms of the differential operator L : (SC 1 (K)) M -> (BC(R)) M given by (1.6), 
equation (1.13) is 

Lx = f. 

Under the same assumptions as Favard (that A is almost periodic and the Favard 
condition holds) Muhamadiev proves that L : (BC 1 ^))* 1 -»■ {BC{R)) M is a In- 
jection. Combining this result with that of Favard, it follows that L is also a 
bijection from (AP 1 (R)) M to (AP{R)) M . (Here AP(R) C BC(R) is the set of 
almost periodic functions and AP 1 (R) = AP(R) C\BC l (R).) New ideas which play 
an important role in the proof of these results include a method of approximating 
almost periodic by periodic functions and the fact that, if A is a periodic function, 
then injectivity of L implies invertibility. (These ideas are taken up in the proofs 
of Theorems 6.7 and 6.38 in Chapter 6.) 

Muhamadiev also considers in the same paper the more general situation when 
the entries of A are in the much larger set BUC(R) C BC(R) of bounded uniformly 
continuous functions. A key property here (which follows from the Arzela-Ascoli 
theorem and a diagonal argument) is that, if the sequence (t n ) C R tends to infinity, 
then A(-—t n ) has a subsequence which is convergent to a limit A, uniformly on every 
finite interval. (Cf. the concept of a rich operator introduced in §5.3.) Denoting by 
Lim (A) the set of limit functions A obtained in this way, the following theorem is 
stated: if (1.14) only has the trivial solution in BC 1 (R) for every A £ Lim (A) then 
L : (B(7 X (R)) M -> (BC(R)) M is a bijection for every A £ Lim (A) (here L denotes 
the operator defined by (1.6) with A replaced by A). 

This is a key result in the development of limit operator theory and it is a 
shame that [71] does not sketch what must be an interesting proof (we are told 
only that it 'is complicated'). Denoting by M^ the operator of multiplication by 
A, the set {M^ : A £ Lim (A)} is a set of limit operators of the operator M^, and 
so the set {L : A £ Lim (A)} is a set of limit operators of the operator L. Thus this 
result takes the form: if each limit operator L is injective, specifically La; = has 
no non-trivial bounded solution, then each limit operator is invertible. A result of 
this form is a component in the proof of (1.3) and similar results in this text (and 
see [20]). In the case that A is almost periodic it is an easy exercise to show that 
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H(A) = Lim (A), i.e. the hull of A coincides with the set of limit functions of A (cf. 
Theorem 6.10). Thus this second theorem of Muhamadiev includes his result for 
the case when A is almost periodic. 

The first extension of results of this type to multidimensional problems is the 
study of systems of partial differential equations in M. N in [72] . Muhamadiev studies 
differential operators elliptic in the sense of Petrovskii with bounded uniformly 
Holder continuous coefficients, specifically those operators L that are what he terms 
recurrent, by which he means that ct° p (L) = c° p (L), for all L g cr op (L). Here cr° p (L) 
is an appropriate version of the operator spectrum of L. Precisely, where A p (t), 
for t E R N and for multi-indices p with \p\ < r, is the family of coefficients of the 
operator L (here r is the order of the operator), the differential operator of the 
same form L with coefficients A p (t) is a member of c° p (L) if there exists a sequence 
tk — > oo such that, for every p, 

(1.15) A p (t - t k ) ^ A p (t) 

uniformly on compact subsets of M. N as k — >• oo. 

The main result he states is for the case where L is recurrent and is also, roughly 
speaking, almost periodic with respect to the first N —1 variables. His result takes 
the form that if a Favard condition is satisfied (La; = has no non-trivial bounded 
solutions for all L 6 cr° p (L_)) and if supplementary conditions are satisfied which 
ensure that approximations to L with periodic coefficients have index zero as a 
mapping between appropriate spaces of periodic functions, then L is invertible as 
an operator between appropriate spaces of bounded Holder continuous functions. 

Muhamadiev's results apply in particular in the case when the coefficients of the 
differential operator are almost periodic (an almost periodic function is recurrent 
and its set of limit functions is its hull) . Shubin, as part of a review of differential 
(and pseudo-differential) operators with almost periodic solutions [103], gives a 
detailed account of Muhamadiev's theory, in the almost periodic scalar case (one 
case where Muhamadiev's supplementary conditions are satisfied), and of results 
which relate invcrtibility in spaces of bounded functions to invertibility in L 2 (R N ). 
Specifically, his paper includes a proof, for a scalar elliptic differential operator L 
with C°° almost periodic coefficients, that the following are equivalent: (i) that the 
Favard condition holds; (ii) that L is invertible as an operator on BC°°(R N ); (iii) 
that L is invertible as an operator on L 2 (M. N ) in an appropriate sense. 

In [73] Muhamadiev continues the study of the same class of differential opera- 
tors L on M. N , elliptic in the sense of Petrovskii, but now, for some of his results, with 
no constraints on behaviour of coefficients at infinity beyond boundedness, though 
his main results require also uniform Holder continuity of all his coefficients. With 
this constraint (which, inter alia, is a richness requirement in the sense of §5.3), 
he studies Fredholmness (or Noethericity) of L considered as a bounded operator 
between appropriate spaces of bounded Holder continuous functions. It is in this 
paper that a connection is first made between Fredholmness of an operator and 
invertibility of its limit operators. The identical Favard condition to that in [72] 
plays a key role. His main results are the following: (i) that L is $+ iff the Favard 
condition holds; (ii) that if L is <I> then all the limit operators of L are surjective; 
(iii) (his Theorem 2.5 and his remark on p. 899) that L is Fredholm iff all the limit 
operators of L are invertible. We note further that his methods of argument in 
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the proof of his Theorem 2.1 show moreover that if L is Frcdholm then the limit 
operators of L are not only invertible but the inverses are also uniformly bounded, 
i.e. 

sup ||L || < oo. 
Le<r°p(L) 

Extensions of these results to give criteria for normal solvability and Fredholmness 
of L as an operator on Sobolev spaces are made in [74] . 

In [73] Muhamadiev also, briefly, introduces what we can term a weak limit 
operator. Uniform continuity of the coefficients A p (t) is required to ensure that 
every sequence t k —$■ oo has a subsequence, which we denote again by tk, such that 
the limits (1.15) exist uniformly on compact subsets (cf. the definition of richness 
in §5.3). The set of all limit operators defined by (1.15) where the convergence is 
uniform on compact sets we have denoted by <7° P (L). Muhamadiev notes that it 
is enough to require that the coefficients A p be bounded (and measurable) for the 
same richness property to hold but with convergence uniformly on compact sets 
replaced 2 by weak convergence in L 2 (M. N ). In the case when the coefficients A p 
arc bounded, the set of limit operators defined by (1.15) where the convergence 
is weak convergence in L 2 (M. N ) we will term the set of weak limit operators of L. 
We note that this set coincides with cr op (L) in the case when each A p is uniformly 
continuous. In [74] Muhamadiev gives criteria for Fredholmness of L on certain 
function spaces in terms of invertibility of each of the weak limit operators of L. 

Muhamadiev's work has been a source of inspiration for the decades that fol- 
lowed. For example, similar to his main results in [73] but much more recently, 
A. and V. Volpert show that, for a rather general class of scalar elliptic partial 
differential operators L on rather general unbounded domains and also for systems 
of such, a Favard condition is equivalent to the <f> + property of L on appropriate 
Holder [109, 110, 111] or Sobolev [108, 110, 111] spaces. 

Lange and Rabinovich [55], inspired by and building on Muhamadiev's paper 
[73], carry the idea of (semi-)Fredholm studies by means of limit operators over to 
the setting of operators on the discrete domain 1 N . They give sufficient and neces- 
sary Fredholm criteria for the class BDO(Y) of band-dominated operators (as de- 
fined after (1.12) and studied in more detail below in §6.3) acting on Y = £ P (Z N , C) 
spaces. For 1 < p < oo, they show that such an operator is Fredholm iff all its 
limit operators are invertible and if their inverses are uniformly bounded. Their 
proof combines the limit operator arguments of Muhamadiev [73] with ideas of Si- 
monenko and Kozak [49, 100, 101] for the construction of a Fredholm regulariser 
of A by a clever assembly of local regularises. Lange and Rabinovich are thereby 
the first to completely characterise Fredholmness in terms of invertibility of limit 
operators for the general class of band-dominated operators on £?(Z , C). Before, 
Simonenko [100, 101] was able to deal with the subclass of those operators whose 
coefficients (i.e. matrix diagonals) converge along rays at infinity; later Shteinberg 
[104] was able to relax this requirement to a condition of slow oscillation at infinity. 
Lange and Rabinovich require nothing but boundedness of the operator coefficients. 



We note that, since the coefficients A p are bounded so that the sequence A p (- — tfS) is 
bounded, requiring that the limits (1.15) exist uniformly on compact subsets is equivalent to 
requiring convergence — > in the strict topology, while weak convergence in L 2 (M. N ) is equivalent 
to weak* convergence in L° 
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The final section of [55] studies (semi-)Fredholmness of operators in the so- 
called Wiener algebra W (see our §6.5) consisting of all operators 

(1.16) A=J2 M b k Vk with X)||&*|U<oo, 

fcez N fc 

where bk G £°°(Z N ,C) for every k G Z N are the coefficients (or diagonals) of the 
operator A and Vk and Mb h are the shift and multiplication operators defined in 
(1.7) and (1.11). Operators A G W belong to BDO(Y) for all spaces Y = £ P (Z N ,C), 
p G [1, oo]. For p = oo, an analogue of the main result of [73] is formulated (in fact, 
the proof in [55] literally consists of the sentence 'The proofs of Theorems 4.1 and 
4.2 repeat the proofs of Theorems 2.1 and 2.2 in [73], with obvious amendments.'): 
A is $ + iff all its limit operators are injective, i.e. Favard's condition holds; if A 
is $_ then all its limit operators are surjective. The paper concludes with a first, 
simplified version of our Theorem 6.40 below, with a somewhat abbreviated proof: 
that AgWis either Fredholm on all spaces Y — £P(Z , C), p G [1, oo], or on none 
of them. Moreover, the uniform boundedness condition on the inverses of its limit 
operators is redundant. The latter implies that 

(1.17) spec css (A) = (J spec(A h ) 

A h £a°P(A) 

if A G W, with all expressions independent of p G [1, oo]. 

From here on we mainly follow the discrete branch of the limit operator story 
since this is the focus of our text, noting that the further generalisation from scalar- 
valued to vector- valued £ p spaces Y = £ P (Z N , U) with an arbitrary complex Banach 
space U enables us to emulate differential, integral and pseudo-differential operators 
on L P (M. N ) (e.g. [56]) by operators on the discrete space Y with U — L p ([0, 1} N ) 
(see e.g. [54, 84], the discussion in the paragraphs after equation (1.5) above, and 
Chapter 8 below). 

In the last 10 years, the limit operators of band-dominated operators on the 
discrete spaces Y — £P(Z N ,U) with p G (l,oo) have been extensively studied by 
Rabinovich, Roch, Silbermann and a small number of their coauthors. The first 
work of this troika was [83], where the results of [55] for p G (1, oo) are picked up, 
this time with full proofs, and are extended, utilised and illuminated in connection 
with other problems and concepts such as the applicability of the so-called finite 
section method (a truncation method for the approximate solution of corresponding 
operator equations) and the idea of two different symbol calculi in the factor algebra 
of BDO(Y) modulus compact operators. Another important result of [83] is the 
observation that the limit operator idea is compatible with the local principle of 
Allan [2] and Douglas [36] for the study of invertibility in non-commutative Banach 
algebras. The latter result was used to slightly relax the uniform boundedness 
condition on the inverses of the limit operators in the general Fredholm criterion 
[83, Corollary 5] and to completely remove this condition in the case of slowly 
oscillating coefficients [83, Theorem 9]. 

In [84], building on results of [80, 83], the same authors tackle the case when 
U is an arbitrary Hilbert space under the additional condition that p = 2 so that 
Y = £ 2 (Z N , U) is a Hilbert space too and the set of band-dominated operators on 
it is a C*-algebra. In this C* setting, which makes life slightly easier than the more 
general case when BDO(Y) is merely a Banach algebra, the serious obstacle of 
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an infinite dimensional space U is overcome. The matrix [A] that corresponds to 
an operator A £ BDOiY) now has operator entries ay £ HJJ) which are infinite 
dimensional operators themselves. This changes the Fredholm theory completely: 
An operator A with only finitely many nonzero entries ay is in general no longer 
of finite rank - not even compact. That is why Rabinovich, Roch and Silbermann 
replace the ideal K(Y) of compact operators by another set, later on denoted 
by K(Y,V), which is the norm closure of the set of all operators A with finitely 
many nonzero matrix entries. Also this set is contained in BDO(Y), it is an ideal 
there and it is shown that if for A £ BDO(Y) there exists a K (Y, 'P)-regulariser 
B £ L(Y), i.e. AB-I and BA-I are in K(Y, V), then automatically B £ BDO{Y). 
If U is finite dimensional and p £ (l,oo), which was the setting of [83], then 
K(Y, V) is the same as K(Y) and invertibility modulo K(Y, V), termed invertibility 
at infinity in [84], coincides with invertibility modulo K(Y) alias Fredholmness. So 
one could argue that in [83] the subject already was invertibility at infinity which, 
as a coincidence, turned out to be Fredholmness too. In fact, the major milestone 
in [84] was to understand that the limit operator method studies invertibility at 
infinity and not Fredholmness, and therefore the new ideal K(Y, V) was the right 
one to work with. Fortunately, invertibility at infinity and Fredholmness are closely 
related properties so that knowledge about one of them already says a lot about 
the other and so the limit operator method can still be used to make statements 
about Fredholmness - via invertibility at infinity. 

Another problem that occurs when passing to an infinite dimensional space U is 
that the simple Bolzano- Weierstrass argument (coupled with a diagonal construc- 
tion) previously showing that, for A £ BDOiY), every sequence h = (/i(fc))keN <^ 
Z N with \h(k)\ —} oo has a subsequence g such that the matrix of the translates 
[V-g(k)AVg( k )] = [ai+g(k),j+ g (k)]i,jez» converges entry-wise as k -> oo, is no longer 
applicable as the matrix diagonals are bounded sequences in the infinite dimen- 
sional space L(U) now. So the class of all operators A £ BDO{Y) for which every 
such sequence h has a subsequence g with this convergence property (the limiting 
operator being the limit operator A g ) had to be singled out in [84]. Operators of 
this class were later on termed rich operators. 

There is one more technical subtlety when passing to an infinite dimensional 
space U: The so-called V— convergence (1.9) that is used in (1.10) is equivalent to 
strong convergence B n —> B and B* n —>■ B* if p £ (1, oo) and U is finite dimensional; 
in fact, this is how it was treated in [83]. So this was another difference to [83] 
although nothing new since V— convergence was de facto introduced for exactly this 
purpose by Muhamadiev [73] already. 

The next two works in this story were the very comprehensive monograph 
[85] by the troika Rabinovich, Roch and Silbermann, which summarised the state 
of the art to which it largely contributed itself, and the PhD thesis [61] of the 
second author of this text. Both grew at roughly the same time and under mutual 
inspiration and support. In [85], besides many other things that cannot be discussed 
here, the case Y = £ P (Z , U) was successfully treated for arbitrary Banach spaces 
U and p £ (l,oo). The gaps at p £ {l,oo} are filled in [68] and finally in [61]. 
The challenge about p — oo is that duality, which is a frequent instrument in the 
arguments of [83, 84, 85], is more problematic since the dual space of V is no longer 
one of the Y"-spaces at hand. Instead one works with the predual and imposes the 
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existence of a preadjoint operator acting on it. Note that some of these ideas have 
been picked up and are significantly extended and improved in Section 6.2 below. 

Another important thread that should be mentioned here is the determination 
not only of Fredholmness but also of the Fredholm index by means of limit oper- 
ators. The key paper in this respect is [82] by Rabinovich, Roch and Roe, where 
the case N = 1, p = 2, U = C has been studied using C*— algebra techniques 
combined with K— theory. The idea is to decompose Y — ^ 2 (Z,C) into the sub- 
spaces Y— and Y + that correspond to the negative and the non-negative half axis, 
respectively, thereby splitting the twosided infinite matrix [A] of A G BDO(Y) into 

the four onesided infinite submatrices [A ], [A h ], L4 + _] and L4++]. Since [A |_] 

and [A^ ] are compact (note that U has finite dimension), these two blocks can 

be removed without changing Fredholmness or the index. By a similar argument, 

for every mgN, the first m rows and columns of both [A ] and [A ++ ] can be 

removed without losing any information about Fredholmness and the index. So it 
is not really surprising that also the index of A is exclusively stored in the asymp- 
totic behaviour of the matrix entries of [A ] and L4++] at infinity, i.e. in the 

limit operators of A. Indeed, calling the index of A±±, understood as an operator 
on Y±, the ±— index of A, respectively, it is shown in [82] that all limit operators 
of A with respect to sequences tending to ±oo have the same ±— index as A has, 
respectively. Since the index of A is the sum of its plus- and its minus-index, this 
gives a formula for the index of A in terms of plus- and minus-indices of two of its 
limit operators. The index formula of [82] was later carried over to the case N = 1, 
p E (I, oo), U = C in [91] (where it was shown that the index of A does not depend 
on p - see [64] for the same result in the setting of a more general Banach space U 
and p£ [1, oo]), re-proved by completely different techniques (using the sequence of 
the finite sections of A) in [86] and generalised to the case of an arbitrary Banach 
space U in case A = I + K with a locally compact operator K (i.e. all entries of 
[K] are compact operators on U) in [81]. 

The most recent extended account of the limit operator method is the mono- 
graph [63] by the second author. Besides a unification of techniques and results 
of [61] and [85], an exposition of the topic of infinite matrices, in particular band- 
dominated operators, that is accessible for a wide audience and a number of addi- 
tions and clarifications to the theory, it also contains the first fruits of the work with 
the other author of this text. For example, it contains a treatment of boundary in- 
tegral equations on unbounded surfaces (also see [18, 19]), their Fredholmness and 
finite sections, as well as more complete results on the interplay of Fredholmness 
and invertibility at infinity and on different aspects of the finite section method. 

The above is an account of the main development of limit operator ideas and 
the theory of limit operators, starting with the work of Favard [37]. However, 
there are many other branches of this story (such as the "frequency limit opera- 
tors" discussed in [53] or the "zoom limit operators" discussed in [11] and briefly 
in Section 3.6 of [63]) that we have not mentioned explicitly. We have also omit- 
ted mention of a number of instances where limit-operator-type ideas have been 
discovered and applied independently. In particular, limit-operator-type ideas have 
been applied recently to great effect in the spectral theory of discrete Schrodinger 
and Jacobi operators as well as more general bounded linear operators on Hilbert 
spaces. One instance is the recent work of Davies [29, 30], where the spectrum 
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of a random Jacobi operator A is studied by looking at strong limits of sequences 
U n AU*, where U n denotes a sequence of unitary operators. (This idea in the work 
of Davies dates back to an earlier paper of Davies and Simon [32] , where the idea 
of the limit class of an operator is introduced, which has some similarity to the 
idea of an operator spectrum.) In [29] the notion of a pseudo-ergodic operator is 
introduced (we take up their study as a significant example in Chapter 7 below), 
this idea capturing many aspects of the spectral behaviour of random operators 
while eliminating probabilistic arguments. In limit operator terminology, a Jacobi 
operator A = Yl\k\<i Mb k Vk is pseudo-ergodic iff every operator 

(1.18) B=J2 M o,V k , 

|fc|<i 

with Ck(m) E c\os{bk(n) : n G Z N } for m E Z N and |fc| < 1, is a limit operator 
of A. Davies shows for a pseudo-ergodic discrete Schrodinger operator A that 
spec(A) = spec ess (A) = Uspec(-B), with the union taken over all operators B of 
the form (1.18) (i.e. taken over the set of limit operators of ^4). This result can 
be viewed as a special case of (1.17). In both [29] and [30] results are obtained 
by these methods about the spectrum of the non-self-adjoint Anderson model of 
Hatano and Nelson [47]. 

In another series of papers, Georgescu, Mantoiu and coworkers [3, 69, 39, 40, 
41, 42] develop an impressive C*-algebraic approach to the essential spectrum of 
self-adjoint (possibly unbounded) operators A on L 2 (X) with a locally compact 
non-compact abelian group X. If A is subject to two so-called Landstad conditions 
[42], where one of them is equivalent to the condition A E BDO(£ 2 (7* N , C)) in case 
X = Z , they prove formula (1.17) with the closure taken on the right-hand side, 
i.e. 

(1.19) s P ec ess (A) = clos|(Jspec(A h )J • 

The operators A^ are called "localizations at infinity" of A and each A^ is defined 
as strong limit of translates U X AU* of A, where (U x f)(y) :— f(xoy) for y E X and 
x E X tends to infinity towards an element h of the Stone-Cech boundary of X (the 
non-trivial characters of L°°(X)). The set of all localizations at infinity Ah derived 
in that way coincides with cr op (^4), as was shown in [83, 94] (also see Section 3.5.2 
of [63]). 

In [59] Last and Simon prove (1-19) if A is a self-adjoint and bounded Jacobi 
operator whose sub/super diagonal is also bounded away from zero. We discuss 
another result from [59] in Example 7.5 below. Finally, Last, Simon and Rcmling 
[58, 88, 89] show that limit operators are also an efficient tool in the study of 
the absolutely continuous spectrum of self-adjoint Jacobi operators A\ The reason 
is that, like the essential spectrum, also the a.c. spectrum of A is independent 
of (self-adjoint) perturbations of A in finitely many entries of its three matrix 
diagonals, whence the a.c. spectrum of A can be fully described in terms of the limit 
operators of A. A remarkable difference, discovered in [59] for discrete Schrodinger 
operators in ID, between the essential and a.c. spectrum is however that, while 
spec ess (-B) C spec oss (j4) holds if B is a limit operator of A, one has the opposite 
inclusion S ac (B) D S ac (A) for the essential supports of the absolutely continuous 
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parts of the spectral measure. As one corollary one gets that S ac (B) = Y, ac (A) 
for all limit operators B if A has an almost periodic potential. Remling [88, 89] 
goes well beyond these points by proving further connections between the set of all 
limit operators of the discrete Schrodinger operator A and the set £ ac (A), leading 
to his so-called oracle theorem that says that in the presence of a.c. spectrum, 
one can predict values of the potential of A from information on earlier values of 
the potential - an indication of how restricted the class of discrete Schrodinger 
operators with non-empty a.c. spectrum is. One illustration of this result is that if 
the potential V of A only assumes finitely many values and A has a.c. spectrum 
then V must be eventually periodic. Remling also indicates how to carry his results 
over to Jacobi operators. 

So for different classes of self-adjoint operators A on I 2 , the formula (1-19) has 
been derived by different authors. We would like to mention that, when A is a 
normal (e.g. self-adjoint) operator (so that all of its limit operators Ah are also 
normal), then this formula is equivalent to the statement from [55, 83] that A — XI 
is Fredholm iff all limit operators of A — XI are invertible and their inverses are 
uniformly bounded since dist (X,spec(A h )) = l/\\(A h — A/) _1 | for normal operators 
Ah. However, if A € W then it is known ([55, 83], see [61, 63] for the vector-valued 
case) that the right-hand side of (1.17) is closed. For general A G BDO(£ 2 ) this is 
an open problem (see number 8 in our list of open problems in Chapter 9) . 

Another fairly substantial body of work, in which limit operator ideas are im- 
portant, has grown out of the collectively compact operator theory of Anselone and 
co-authors [4] . It seems appropriate to summarise the main historical developments 
in this line of research in separate paragraphs below since this body of work work has 
in common that it is characterised by collective compactness concepts. However, in 
much of this work limit-operator-type ideas also play a key role. Specifically, limit 
operator ideas combined with collectively compact operator theory are used already 
in the 1985 paper of Anselone and Sloan [6] to show the stability in BC[0,oo) of 
the finite section method for the classical Wiener-Hopf integral equation 



(1.20) y(s) = x(s) + k(s - t)y(t) dt, s > 0, 

Jo 

with k € L 1 (M). (The finite section method is just the approximation of (1.20) by 
the equation on the finite interval 

y(s)=x{s) + k(s - t)y(t) dt, < s < A, 
Ja 

and the main issue is to study stability and convergence as A — > oo.) The methods 
and results of [6] are generalised in Chandler- Wilde [15] to obtain criteria in BC(M.) 
for both stability of the finite section method and solvability for the equation 



y(s)=x(s) + k(s - t)z(t)y(t) dt, seR, 

J — OO 

in operator form 

(1.21) y = x + K z y, 

where K z is the integral operator with kernel k(s — t)z(t), and it is assumed that 

KG L X (R) and z € L°°(R). 
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Limit operators do not appear explicitly in [15], or in generalisations of this 
work to multidimensional cases [23, 26], to more general classes of kernels [27], 
to other functions spaces (X P (M), 1 < p < oo, or weighted spaces) [7, 8], or to 
general operator equations on Banach spaces [26]. Rather, as we discuss in the 
paragraphs below, the results of these papers provide criteria for unique solvability 
of (1-21) expressed in terms of injectivity in BC(M.) (or equivalently in L°°(IR)) of 
the elements of a particular family of operators. The connection to limit operators, 
explored in Section 5.3 below, is that this family of operators necessarily contains 
both the operator / — K z and all the weak limit operators of I — K z . (Here weak 
limit operator has the same meaning as in our discussion of the paper [73] on page 
8 above; we call K z a weak limit operator of K z if, for some unbounded sequence 
(tfe) C K, it holds that z(- — t^) — > z as k — > oo, where — > is weak* convergence in 
L°°(R).) 

Collective Compactness. In the mid 1960's Anselone and co-workers (see 
[4] and the references therein) introduced the concept of collectively compact op- 
erators. A family /C of linear operators on a Banach space Y is called collectively 
compact if, for any sequences (K m ) C K, and (x m ) C Y with ||x m |j < 1, there is 
always a subsequence of (K m x m ) that converges in the norm of Y. It is immediate 
that every collectively compact family K. is bounded and that all of its members 
are compact operators. 

There are some important features of collectively compact sets of operators. 
First, recall that if K is a compact operator on Y and a sequence A m of operators 
on Y converges strongly (i.e. pointwise) to 0, then A m K converges to in the 
operator norm on Y . But under the same assumption, even A m K m converges to 
in the norm for any sequence (K m ) C K, provided K, is collectively compact. This 
fact was probably the motivation for the introduction of this notion. It was used by 
Anselone for the convergence analysis of approximation methods like the Nystrom 
method for second kind integral equations. 

Another important feature [4, Theorem 1.6] is that if {K m }^ =1 is collectively 
compact and strongly convergent to K, then also K is compact, and the following 
holds: 

/ — K is invertible <=> 

/ — K m is invertible for large m, say m > ttiq, and sup ||(I — K m )~~ || < oo 

m>mo 

Since K and K m are compact, the above is equivalent to the following statement 
(1.22) / — K is injective -^=^> 3mo : inf v(I — K m ) > 

m>mo 

where v(A) := inf { 1 1 Air 1 1 : ||x|| = 1} is the so-called lower norm of an operator A. 

There are many important examples where K is not compact in the norm topol- 
ogy on Y but does have compactness properties in a weaker topology. To be precise, 
K, while not compact (mapping a neighbourhood of zero to a relatively compact set) 
has the property that, in the weaker topology, it maps bounded sets to sets that are 
relatively compact (such operators are sometimes termed Montel) 3 . In particular, 



Already in the 1970's DePree and co-authors [33, 34, 35] studied collectively compact 
operator theory in a topological vector space setting, but they retained compactness of K rather 
than studying the weaker case where K is Montel. 
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this is generically the case when K is an integral operator on an unbounded domain 
with a continuous or weakly singular kernel; these properties of the kernel make K a 
'smoothing' operator, so that K has local compactness properties, but K fails to be 
compact because the domain is not compact. Anselone and Sloan [6] were the first 
to extend the arguments of collectively compact operator theory to tackle a case 
of this type, namely to study the finite section method for classical Wiener-Hopf 
operators on the half-axis. As mentioned already above, the arguments introduced 
were developed into a methodology for establishing existence from uniqueness for 
classes of second kind integral equations on unbounded domains and for analyzing 
the convergence and stability of approximation methods in a series of papers by 
the first author and collaborators [15, 77, 23, 27, 70, 21, 26, 7, 8]. A particular 
motivation for this was the analysis of integral equation methods for problems of 
scattering of acoustic, elastic and electromagnetic waves by unbounded surfaces 
[16, 24, 112, 22, 25, 70, 21, 113, 75, 8, 19]. Other applications included the 
study of multidimensional Wiener-Hopf operators and, related to the Schrodinger 
operator, a study of Lippmann-Schwinger integral equations [23]. Related devel- 
opments of the ideas of Anselone and Sloan [6] to the analysis of nonlinear integral 
equations on unbounded domains are described in [1, 5, 76]. 

In [26] the first author and Zhang put these ideas into the setting of an ab- 
stract Banach space Y , in which a key role is played by the notion of a generalised 
collectively compact family /C. Now the sequence (K m x m ) has a subsequence that 
converges in a topology that is weaker than the norm topology on Y, whenever 
(K m ) C K and (x m ) C Y with ||x m || < 1. This notion no longer requires the 
elements of K to be compact operators and therefore covers a lot more operators 
originating from applications. But still, the following similar result to (1.22) was 
established in [26]. If K, is generalised collectively compact (or uniformly Montel as 
we shall term the same property in Definition 3.22 in this text) and some important 
additional assumptions hold (see the end of our discussion of limit operators above 
and Theorem 5.9 below), then 

(1.23) I - K is injective for all K € K -^ inf v{I - K) > 0. 

If the family K, satisfies rather strong additional constraints (see Theorem 5.9 below 
for details), then also invertibility of I— K for every K e K, follows from injectivity 
for all K elC. 

To give a concrete flavour of these results (this was the first concrete application 
of these ideas made to boundary integral equations in wave scattering [15, 16]), 
one case where they apply is to the integral equation (1.21), with the family /C 
defined by 

K, := {K z : z <E L°°(M) and z(s) € Q, for almost all set], 

for some Q C C which is compact and convex. That is, existence and uniform 
boundedness of (/ — K z ) _1 (as an operator on BC(M.)) for all K z e /C, can be 
shown to follow from injectivity of I — K z for all K z £ K, (see [15, 16] or [26] for 
details). 

Generalised Collective Compactness and Limit Operators: A Main 
Aim of this Memoir. We have briefly indicated above some connections be- 
tween the two bodies of work that we have described under the headings 'Limit 
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Operators' and 'Collective Compactness'. It was a main aim for us in writing this 
text to explore these connections in a methodical way, in particular to explore the 
possibilities for applying the generalised collectively compact operator theory [26] 
in a limit operator context, and for combining collective compactness and limit 
operator ideas. It turns out that these ideas have a very fruitful interplay (other 
recent examples of this interplay in addition to this text are [81] and [20], the lat- 
ter paper making use of some of the results we will present below). We finish this 
introduction by summarising the main new results of the text and of this interplay 
of ideas. 

1.3. Summary and the Main New Results 

In this final section of the introduction, having given an overview of the ideas 
of the text and their historical development in Sections 1.1 and 1.2, we briefly 
summarise, chapter by chapter, the main contents and results we obtain. 

The text falls into two connected parts. The first part, chapters 2-5, is concerned 
with extensions to the general abstract theory of limit operators, as expounded in 
Chapter 1 of [85], with exploring the connections with the abstract generalised 
collectively compact operator theory of [26], and with making applications of this 
theory in the limit operator context. 

The short initial Chapter 2 introduces, following [85], the idea of a sequence 
(P n ) of bounded linear operators on a Banach space Y that form an approximate 
identity on Y, satisfying conditions (i) and (ii) at the beginning of the chapter. In 
the theory of limit operators developed in [85] the following notion of sequential 
convergence plays a crucial role: we write that x n — > x if (x n ) is a bounded sequence 
and P m x n — ► P m x as n — >■ oc for every m. In this text, as we have noted already, 
we call — > strict convergence, by analogy with the strict topology of [12]. Chapter 
2 is concerned with study of a topology, which we term the strict topology, in 
which A is the sequential convergence. We recall properties of this topology from 
[26] (which derive in large part from similar results in [12]) and show further 
properties, for example characterising the compact and sequentially compact sets 
in the strict topology, characterising when the strict and norm topologies coincide, 
and introducing many examples that we build on later. 

In Chapter 3 we study a number of subspaces of L(Y), the space of bounded 
linear operators on the Banach space Y, namely those subspaces that play an 
important role in the abstract theory of limit operators [85] and in the generalised 
collectively compact operator theory of [26], and so play an important role in the 
rest of the text. These subspaces include the classes L(Y, V) and K(Y, V) central to 
the theory of limit operators [85] 5 , the class S(Y) of operators that are sequentially 
continuous on (Y,s) (Y equipped with the strict topology), and the class SN(Y) 



It was results in [61] , in particular where it is pointed out for the first time that the operator 
spectrum tr op (A) of a rich operator is always relatively sequentially compact with respect to V- 
convergence - one of the additional assumptions required for Theorem 5.9 below, taken from [26] 
- which prompted the authors to start to investigate this symbiosis, in discussions after the first 
author examined the thesis of the second! 

Indeed, in [85] the notion of a limit operator of an operator is defined only for operators 
in L(Y,'P). We will not be this restrictive but extend this notion and other definitions as far as 
possible to the whole class L(Y). 
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of operators that are sequentially continuous from (Y,s) to (Y, || • ||) (Y equipped 
with the norm topology). We also study the usual class K(Y) of compact operators 
on (Y, || • ||), the class KSiY) of compact operators on (Y, s), and the class M(Y) 
of Montel operators on (Y,s) (that map bounded sets to relatively compact sets), 
this latter class playing a particularly key role in the later text. Our concern is 
to derive explicit characterisations of these sets and to explore the relationships 
between them. For example we see in this chapter that S(Y) coincides with the 
set of continuous linear operators on (Y,s), that SN(Y) is the set of continuous 
linear operators from (Y, s) to (Y,\\ ■ ||), and that S(Y) and SN(Y) are, roughly 
speaking, "one-sided" versions of L(Y,V) and K(Y,V) (see Lemmas 3.3 and 3.10, 
Corollary 3.5 and (3.5)). An easy but informative result, which makes clear that 
being Montel is a much weaker property than being compact on (Y, s), is Corollary 
3.24, which has application for example in Chapter 7, that M(Y) — L(Y) if (Y, s) 
is sequentially complete and each P n E K(Y). In Section 3.2 we study algebraic 
properties, for example showing that all of S(Y), SN(Y), M(Y), and KS(Y) are 
Banach subalgebras of L(Y), and that SN(Y), KS(Y), and M(Y) n S(Y) are all 
ideals of S(Y). 

In the short Chapter 4 we introduce and contrast various notions of convergence 

of sequences of operators in L(Y), with an emphasis on those used in the abstract 

theory of limit operators [85] and in the generalised collectively compact operator 

■p 
theory of [26] . Specifically, our main emphasis is on the — > convergence of Definition 

■p 
4.1 (and see [93, 85], though the — > convergence in [85] is restricted to operators 

s S 

in L(Y,V)), and on the weaker notions of convergence (— > and — >) important in 

[26]. These three notions of convergence will play a strong role in subsequent 

chapters, but we also compare these notions of convergence to ordinary norm (=£) 

and strong (— >) convergence in L(Y). Informative characterisations we derive are 

■p 
that a sequence {A n ) C L(Y) satisfies A n — > if and only if (A n ) is bounded and 

s 
both P m A n =4 and A n P m =j as n -> oo, for every m, while A n — > if and only 

if (A n ) is bounded and P m A n x — > as n — > oo for every m and every x E Y . Thus 
A n ^0^44o^4„4o^= A n -> (cf. Corollary 4.14). 

Chapter 5 introduces the main abstract concepts and results of the text. In 
Section 5.1 we introduce the concept of invertibility at infinity (Definition 5.1) of 
an operator A E L(Y) and show that if A G S(Y) is a Montel perturbation of an 
invertible operator in S(Y), then A invertible at infinity implies that A is Fredholm 
(Theorem 5.4). In Section 5.2 we present a specialisation of some main results 
of the generalised collectively compact operator theory on a Banach space Y of 
[26], to the case where the family of seminorms on Y required in the theory of 
[26] is given by (2.4). In Section 5.3 we make an abstract definition of the limit 
operators and the operator spectrum, <r° p (A) (the set of limit operators), of an 
arbitrary operator A E L(Y). We also list the main properties of the operator 
(including Fredholmness, invertibility at infinity, and injectivity and invertibility of 
the members of the operator spectrum) that we seek to make connections between 
in Chapters 5 and 6. New results in this section include: a refinement of [85, 
Proposition 1.2.9], that, in the so-called perfect case (when both P n and its adjoint 
converge strongly to the identity as n — > oo), Fredholmness implies invertibility of 
all the limit operators of A for every A e L(Y) (not just for A E L(Y,V)); the 
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observation that, moreover, Fredholmness is equivalent to invertibility when A is 
self-similar (A G <r° p (A)); and a strong existence result for self-similar operators, 
that every rich operator ('richness' of A, defined in Section 5.3 and characterised in 
Theorem 5.12 , guarantees the existence of limit operators) has a self-similar limit 
operator. Section 5.4 contains what are probably the main new results of this text 
related to limit operators at an abstract level (Theorems 5.16 and 5.20), obtained 
by applying the generalised collectively compact operator theory of Section 5.2. 
These results, roughly speaking, relate invertibility of an operator A = I + K, in 
the case when K is Montel on (Y, s) (and a° p (K) is uniformly Montel in the sense 
of Definition 3.22), and stability of an approximating sequence A n = I + K n to A, 
to injectivity of the elements of <j op (A) or of the members of a slightly larger set. 
One main theme of the rest of the text is demonstrating the applicability of these 
results, and in fact they are central to the proofs of Theorems 6.3, 6.31, and 6.37, 
and are important components of the proofs of Corollaries 6.30, 6.32, 6.43, 6.45, 
6.46 and 6.48. 

The largest chapter of this text is Chapter 6, where we apply results of Chapter 5 
to the concrete spaces Y = Y p := £ P {Z N , U) and Y = Y° ■- c (Z N , U) with N G N, 
p G [1, oo] and U a complex Banach space. This is still a fairly general situation, as 
illustrated e.g. in Chapters 7 and 8, but it is concrete enough to allow much more 
precise statements on Fredholmness and invertibility at infinity of operators on Y 
than was possible in the very general setting of Chapter 5. We start with a short 
section on the Banach algebra of almost periodic aka norm-rich operators on Y and 
their operator spectrum. These results are picked up and improved in a later section 
on band-dominated and norm-rich operators with the main result that A = I + K, 
with K band-dominated, norm-rich and <j° p (K) uniformly Montel, is invertible on 
Y°° iff all its limit operators are injective on Y°°, i.e. Favard's condition holds. 
In Section 6.2 we study interrelations of (semi-) Fredholmness and index of an 
operator A on Y°° and its restriction A to Y°. The main techniques here are to 
isometrically embed Y°° into (Y )** and Y l (U*) := £ 1 (Z N ,U*) into (Y°°)* and 
to show that, in terms of these embeddings, every A G S(Y) is the restriction of 
Aq* to Y°° and Aq is the restriction of A* to Y 1 (U*). Further connections are 
established in the case that U has a predual U^ and A is the adjoint of an operator 
A^ on U^ . In the following section we introduce BDO(Y), the set of all band- 
dominated operators on Y , which is the norm closure in L(Y) of the set of all band 
operators or, equivalently, the smallest Banach subalgebra of L(Y) that contains 
all shift operators (1.7) and all multiplication operators (1.11) with an operator- 
valued multiplier b G £°° (Z N , L(U)) . Using results from Chapters 3, 5 and Section 
6.2 we then derive criteria for and connections between invertibility at infinity 
and Fredholmness of A G BDO(Y p ) that are new or more complete than before if 
p G {0, 1, oo}. The final section of Chapter 6 studies operators in the Wiener algebra 
W that we mentioned in (1.16) already. The attraction for studying this subset of 
BDO(Y) in more depth is that operators in W act boundedly on every space Y p 
with p G {0} U [ljOo] and neither their invertibility nor invertibility at infinity, 
Fredholmness or the Fredholm index depend on the choice of p. It results that, 
while, for general operators A G BDO(Y p ) in the previous section, the collective 
compactness arguments from Chapter 5 mainly contribute to the theory for p = oo 
(and, via duality, to p — and p = 1), now for operators A G W, the same results 
hold for p G (l,oo). For example, one gets that, for N = 1 and K G W rich with 
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a op (K) uniformly Montel, the operator A = I + K is Frcdholm on any of the spaces 
Y p iff all of its limit operators are injective on F°°, i.e. Favard's condition holds. 

In Chapters 7 and 8 we illustrate our main results for two operator classes 
of major interest in applications. In Chapter 7 we discuss discrete Schrodinger 
operators (both self-adjoint and non-self-adjoint), making links to other recent work 
(e.g Davies [29] and Last & Simon [59]). In particular, we derive what appear to 
be new characterisations of the spectrum and essential spectrum (Theorem 7.1 and 
(7.13)), in terms of the point spectrum in £°° of the discrete operator and its limit 
operators, and apply these results to Schrodinger operators with potentials that 
are almost-periodic, perturbations of almost-periodic, pseudo-ergodic in the sense 
of Davies [29], and random, in this latter case reproducing results of Trcfethcn, 
Contedini & Embree [106] . In Chapter 8 we demonstrate how the results of Chapter 
6 can be applied to continuous operators, deducing criteria for Fredholmness and 
invertibility for members of a large Banach algebra of integral operators on M. N . 

We conclude this text by a final chapter that contains a small list of open 
problems that we consider highly interesting for the further development of this 
field. 
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CHAPTER 2 



The Strict Topology 



As usual, by N, Z, R and C we refer to the sets of all natural, integer, real and 
complex numbers, respectively. We also put N := {0, 1, 2, ...} and R + := [0, oo). 

Throughout, Y will denote a real or complex Banach space, with norm denoted 
by || • ||, and L(Y) refers to the set of bounded linear operators on Y. V = (P n )^ =0 
will denote a sequence of operators in L(Y) with the properties that: 

(i) sup n ||P„x|| = ||x||, x EY; 

(ii) for every m £ No there exists N(m) > m such that 

(2.1) P n P m = P m = P m P n , n > N{m). 

Throughout we will write n 3> m or m -C n if P n Pk = Pk = PkPn for all k < m. 
Note that Z -C m and m -C n imply Z <§C n since P„Pfc = P n P m Pk = P m Pk = Pk — 

PkP m = PkPraPa = P k P n for all k < I. 

In [85] a bounded sequence P satisfying (ii) is called an increasing approximate 
projection and an increasing approximate projection satisfying (i) (or (i) with the 
'=' replaced by a '>') is called an approximate identity. Thus V is an approximate 
identity in the terminology of [85]. 

It is easy to see that (i) implies that ||P n || < 1 for all n. Moreover, if (i) and 
(ii) hold, then ||P n || = 1 for all sufficiently large n and, for all x £ Y, the limit 
lim rl _ i . 00 ||P n x|| exists and 

(2.2) lim ||P n x|| = ||x||, x£Y. 

n— >-oo 

For all n G No let Q n := I — P n and note that (ii) implies that, for all m £ No, 

(2.3) QnQm = Qn = QmQn, « > N(m), 

and (i) that ||Q„|| < 2 for all n £ N . 

Remark 2.1 There are two possibilities inherent in the assumptions (i) and 
(ii): either P„ = / for some n or P„ ^ I for all n. In the first case (ii) implies that 
P„ = / for all sufficiently large n. In the second case Q n ^ for all n and (2.3) 
implies that ||Q n || > lj so that 1 < ||Q n || < 2 for all n. Therefore, unless P n = I 
for all sufficiently large n, it does not hold that \\P n — I\\ — >• as n — >• oo. It may 
happen that P„ converges strongly to /; this is the case in Example 2.6 below and 
in Example 2.4, for 1 < p < oo, but not in Examples 2.2, 2.3, 2.5 or Example 2.4 
for p — oo. □ 

Example 2.2 Let Y = £°°, the Banach space of bounded real- or complex- 
valued sequences x = (x(m)) me z, with norm ||x|| = sup m |x(m)|. Define, for x EY, 
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neN , 

x(m), \m\ < n, 



P n x(m) — ■, , 

y ' \ 0, \m\ > n. 

Then V = (P n ) satisfies (i) and (ii) with N(m) = m, so that P„ is a projection 
operator for each n. In this case ||Q n || = 1 for all n. Q 

Example 2.3 Let Y = £°° as in Example 2.2. Define, for n G N , P n e L(F) by 
P n x(m) = x(m), for |m| < (3™ — l)/2, and by the requirement that P„x(m-f-3") = 
P n x{m) 1 for m G Z. Then P = (P„) satisfies (i) and (ii) with N(m) — m, so that 
P„ is a projection operator for each n. In this case ||Q n || = 2 for all n. D 

Example 2.4 Let Y = L P (M. N ), the Banach space of those Lebesgue measur- 
able real- or complex-valued functions x on K. , for which the norm ||x|| p is finite, 
where \\x\\ p := (J RJV \x(s)\ p ds) 1/p , for 1 < p < oo, and ||jb||oo : = esssup seRN \x(s)\. 
Define, for x G Y, n G N , 

P rM- / X ^' I s ' - n ' 
nX{S> ~ { 0, |s| > n. 

Then T 5 = (P n ) satisfies (i) and (ii) with N(m) — m, so that P n is a projection 
operator for each n. In this case ||Q n || = 1 for all n. D 

Example 2.5 Let Y = BC(R N ), the Banach space of bounded continuous 
real- or complex-valued functions on K. , with norm ||x|| = sup seR jv |x(s)|. Choose 
X G BC{R) with Hxll = 1 and x(t) = 0, t < 0, = 1, t > 1. Define, for n G N and 
xGF, 

P n x(s) = x(n + l-\s\)x(s), seR N . 
ThenP = (P„) satisfies (i) and (ii) with N (m) = m+1. In this case ||Q n || = ||1— x\\- 

n 

Example 2.6 Let Y = C[0, 1] with ||x|| = sup 0<s<1 \x(s)\ and let P n x denote 
the piecewise linear function which interpolates x at j/2 n , j — 0,1,..., 2". Then 
V = (P n ) satisfies (i) and (ii) with N(m) = m. □ 

Note that in Examples 2.2 and 2.6 P n has finite-dimensional range for each n, 
so that P n G K(Y), the set of compact linear operators on Y. (The significance of 
this is discussed in Remark 2.16 below.) 

Throughout, for (x n ) G Y, x G Y, we will write x n — > x (as n — > oo) if (x n ) 
converges to x in the norm topology, i.e. \\x n — x\\ — > as n — > oo. We will also be 
concerned with convergence in weaker topologies, defined in terms of semi-norms 
on Y that are related to the sequence V . For n G No define | • |„ : Y — > E+ by 



(2.4) \x\„ := max ||P m x||, x e Y. 

0<m<n 

It is easy to check that | • |„ is a semi-norm on Y, and (i) and (ii) imply that, 
for m < n, x G Y , 

\x\ m < \x\ n < \\x\\ 

and 

||x|| = sup|x| n = lim |x|„. 



2. THE STRICT TOPOLOGY 23 

This last equation implies that the family of semi-norms, {| • |„ : n G No}, 
is separating. We will term the metrisable topology generated by this family of 
semi-norms the local topology: with this topology, Y is a separated locally convex 
topological vector space (TVS). By definition, a sequence (x n ) converges to x in 
the local topology if and only if \x n — x\ m — ¥ as n — > oo for all m, i.e. if and only 
if 

(2.5) P m x n —> Pm.x as n — > oo, for all m. 

We will see below that, unless P n = I for each n, Y is not complete in the 
local topology. Let X denote the Frechet space that is the completion of Y in the 
local topology. The linear operators P n , which are continuous as mappings from 

Y equipped with the local topology to Y equipped with the norm topology, have 
unique extensions to continuous linear operators from X to Y [90] . The equations 
(2.1) hold for the extended operators P n : X — > Y, by the continuity of the operators 
P n and since Y is dense in its completion X. Extending the definition of the semi- 
norm | • |„ from Y to X using equation (2.4), clearly {| • | n : n G No} generates the 
extension of the local topology from Y to X. 

Let Y and Y denote the linear subspaces of X, 

Y := {x E X : \\x\\ := sup \x\ n < oo}, 

n 

and 

Y :=(J neNo P n (X), 

and note that, for every n, Y — U m > n P m (X) C Y by (ii). Let Y denote the 
norm-closure of Y. It follows from [26, Theorem 2.1 (ii)] and the completeness of 
X that, equipped with the norm || • ||, Y is a Banach space with Y and Y c Y as 
closed subspaces. 

Lemma 2.7. [85, Lemma 1.1.20] Yq — {x E Y : Q n x — > as n — > oo} so that 

Y = Yq iff P n E L(Y) converges strongly to I as n — > oo. 

Example 2.8 Let Y and V be as in Example 2.4. Then X = Lf oc (R N ), 

Y is the set of compactly supported functions x G L P (M. N ), Y = Y = L P (R N ), 

Y = LP(R N ), if 1< p < oo, and 

Y = {x G L°°(R N ) : ess sup |ar(s)| ->0aso^ oo} 

\s\>a 

if p = oo. D 

Example 2.9 Let BUC(R N ) C BC(R N ) denote the set of bounded uniformly 
continuous functions on R N , let C L {R N ) C BUC(R N ) denote the set of those 
x G C(M ) for which x(s) —>■ Xrx, as \s\ — > oo, uniformly in s, for some constant 
Xoo- Let Co(R N ) denote the set of those x G Cl(R n ) for which x(s) —> as \s\ —> oo, 
and let Cc(^ N ) denote the set of compactly supported continuous functions. Note 
that C {R N ), C L (R N ), BUC{R N ) are all closed subspaces of BC(R N ), equipped 
with the usual norm. 

Let Y denote one of C (R N ), C L (R N ), BUC(R N ) or BC(R N ) and let V be as 
defined in Example 2.5. Then Y = BC(BL N ),Y= C C (R N ) and Y = C a (R N ). D 
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Example 2.10 For x £ £°° and k £ Z let z fc G £°° be denned by Xk(m) = 
x(m — k), m £ Z. Call x £ £°° almost periodic (e.g. [63, Definition 3.58]) if 
{xk : k £ Z} C £°° is relatively compact. Let £^ p C f°° denote the set of almost 
periodic functions. Let Y — £f^ p and define V as in Example 2.3, noting that 
-Pn(^Ap) C £%p for every n G N . Then Y = £°° and Y is a strict subspace of Y. 
In particular, if y(m) — exp(27tiam) , m G Z, with a irrational, then t/Gr" (see e.g. 
[63, Lemma 3. 64, Proposition 3.65]) but \\P n y — y\\ = 2, for n £ No, so that y £" Yq 
by Lemma 2.7. □ 

We will also be interested in a third topology on Y D y, intermediate between 
the local and norm topologies. Given a positive null-sequence a : No — > (0, oo), 
define 

\x\ a :=supa(n)|x|„. 

n 

Then {| • | a : a is a positive null sequence} is a second separating family on Y and 
generates another separated locally convex topology on Y which, by analogy with 
[12], we will term the strict topology. For (x n ) d Y, x £ Y , we will write x n — > x 
if x n converges to x in the strict topology, i.e. if \x n — x\ a — > as n — > oo for every 
null sequence a. 

The topology we have called the strict topology is termed the /3 topology in 
[26]. Various properties of the /3/strict topology are shown in [26, Theorem 2.1], 
in large part adapting arguments from [12]. The properties that we need for our 
arguments are summarised in the next lemma. As usual [90] we will call a set S in 
a TVS bounded if it is absorbed by every neighbourhood of zero, totally bounded if, 
for every neighbourhood of zero, U, there exists a finite set {ai, ...,aj\r} such that 
S C Ui<j<jv(aj + U), and compact if every open cover of S has a finite subcover. 
Every totally bounded set is bounded [90] . 

Lemma 2.11. (i) In Y the bounded sets in the strict topology and the norm 

topology are the same. 
(ii) On every norm-bounded subset ofY the strict topology coincides with the 

local topology. 
(iii) A sequence (x n ) cY is convergent in the strict topology iff it is convergent 
in the local topology and is bounded in the norm topology, so that 

(2.6) x n — > x <^> sup \\x n \\ < oo and P m x n — > P m x as n — >■ oo, for all m. 

n 

(iv) A norm-bounded subset of Y is closed in the strict topology iff it is se- 
quentially closed. 

(v) A sequence in Y is Cauchy in the strict topology iff it is Cauchy in the 
local topology and bounded in the norm topology. 

(vi) Let S C Y . Then the following statements are equivalent: 

(a) S is totally bounded in the strict topology. 

(b) S is norm-bounded and totally bounded in the local topology. 

(c) Every sequence in S has a subsequence that is Cauchy in the strict 
topology. 

Proof. For (i)-(iv) see [26, Theorem 2.1]. Part (v) follows from (iii) on noting that, 
if fj ■ : N -> N, j = 1, 2, are such that / = (A, / 2 ) : N -> N 2 is a bijection, then, 
defining y n := x^/^ — #/ 2 ( n )> ( x n) is Cauchy iff (y n ) is convergent to zero. 
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To see (vi) note that if (a) holds then S is bounded in the strict topology and 
so in the norm topology by (ii). Also, S is totally bounded in the (coarser) local 
topology. Thus (b) holds. Conversely, if (b) holds, U is a neighbourhood of zero in 
the strict topology, M := sup xeS ||x||, and B := {x : \\x\\ < 2M}, then, by (ii), there 
exists a neighbourhood of zero in the local topology, U', such that U OB = U'flB. 
Further, there exists a finite set {si, ..., sjv} C S such that S C Ui<j<jv( s j + U'). 
It follows that 

sc |J ( Sj + u'nB)= |J ( Sj + unB)c \J ( Sj + u). 

l<j<N l<j<N l<j<N 

Thus also (b) =*> (a). 

To see that (b) and (c) are equivalent note that, as the local topology is metris- 
able, S is totally bounded in the local topology iff every sequence in S has a subse- 
quence that is Cauchy in the local topology. Further, by (v), a sequence is Cauchy 
in the strict topology iff it is Cauchy in the local topology and norm-bounded. ■ 

Note that it follows from (ii) that the linear operators on Y that are bounded with 
respect to the strict topology (map bounded sets onto bounded sets) are precisely 
the members of L(Y). 

Let E denote one of Y, Y and Y . When it is necessary to make a clear distinc- 
tion we will denote the TVS consisting of E (considered as a linear space) equipped 
with the strict topology by (E, s) and will denote the TVS (and Banach space) 
consisting of E with the norm topology as (E, || ■ ||). 

Lemma 2.12. If P n = I for some n, then the local, strict, and norm topologies 
coincide on Y. If P n ^ I for all n, then: 

(a) on Y the local topology is strictly coarser than the strict topology which is 
strictly coarser than the norm topology; and 

(b) Y , equipped with the local topology, is not complete, while Y equipped with 
the strict topology is complete and non-metrisable. 

Proof. It is easy to see that any set open in the local topology is open in the strict 
topology and that any set open in the strict topology is open in the norm topology. 
If P n = I for some n then the converse statements clearly hold, as at least one of the 
semi-norms defining each topology coincides with the norm. Thus the topologies 
coincide. 

If P n ^ I for any n then there exists (x n ) such that ||<3nX n || = 1 for all n. 
For all to, P m QnX n = for all sufficiently large n, by (ii). Clearly Q n x n -/> 0, 
but it follows from (2.6) that Q n x n — > as n — > oo. Thus the strict and norm 
topologies are distinct. To see that the local and strict topologies are distinct, note 
that nQ n x n converges to zero in the local topology but ||nQ„a; n || = n — >• oo so 
that, by (2.6), nQ n x n 7^ 0. 

If Y equipped with the local topology were complete it would be a Frechet space 
and it would follow from the open mapping theorem [96] applied to the identity 
operator that the local and norm topologies coincide. 

Let Y* denote the completion of Y in the strict topology. Then Y* C X, 
since Y c X and X is complete in the coarser local topology. Suppose Y* ^= Y. 
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Then there exists x G Y* with |aj| n -> oo as n -> oo. Let b n := 1/2 max(l, |x| n ), 
a„ := l/6„, and a = (ao,a 1: ...). Then y e Y* and \x — y\ a < 1 imply that 
\y\n > \x\ n /2 for all sufficiently large n, so that {y € Y : \x — y\ a < 1} = 0. This 
is a contradiction, for Y is dense in its completion. ■ 

By definition, Y is the completion of Y in the norm topology and we have 
seen that Q n x — > if x £ Y$ in Lemma 2.7. The next lemma states corresponding 
results for the strict topology. 

Lemma 2.13. For y G Y, Q n y — >• as n — > oo. Further Y is the completion ofY 
in the strict topology and Y — YiffYis sequentially complete in the strict topology. 

Proof. If y £ Y C X then P n y e Y C Y and P m P n y = P m y for all sufficiently 
large n. Further, by (i), ||-FW2/|| < ||y||. Thus, by Lemma 2.11 (iii), P n y — > y. Thus 
the completion of Y contains Y and in fact coincides with Y since Y is complete 
by Lemma 2.12 (ii). Since Y is complete, Y C Y is sequentially complete iff it is 
sequentially closed. But, since P n y — > y for every y <G Y, this holds iff Y = Y. ■ 

As usual, we will call a subset of a topological space relatively compact if its 
closure is compact. We will call a subset of a topological space relatively sequentially 
compact if every sequence in the subset has a subsequence converging to a point in 
the topological space. 

Lemma 2.14. Let S C Y . Then S is compact in (Y, s) iff it is sequentially compact. 
Further, 

(a) & (b) => (c) & (d) 
where (a)-(d) are the statements: 

(a) S is relatively compact in the strict topology. 

(b) S is relatively sequentially compact in the strict topology. 

(c) S is totally bounded in the strict topology. 

(d) S is norm-bounded and P n (S) is relatively compact in the norm topology 
for each n. 

If (Y, s) is sequentially complete (i.e. Y = Y) then (a)-(d) are equivalent. 

Proof. To show that compactness (relative compactness) of S is equivalent to se- 
quential compactness (relative sequential compactness) it is enough to show this in 
the strict topology restricted to S, the closure in (Y, s) of S. But, if S is relatively 
sequentially compact or relatively compact then it is bounded and so S is bounded. 
But, by (ii) of Lemma 2.11, the strict topology coincides with the metrisable local 
topology on bounded sets, and in metric spaces compactness and sequential com- 
pactness coincide. Thus the first statement of the theorem holds and also (a) O 
(b). That (b) implies (c), and the converse if Y is sequentially complete, is imme- 
diate from (vi) of Lemma 2.11. If (c) holds then, also by (vi) of Lemma 2.11, S is 
norm-bounded and every sequence in S has a subsequence that is Cauchy in the 
strict topology. Since P n is continuous from (Y, s) to (Y, || ■ ||) and (Y, || • ||) is com- 
plete, this implies that P n (S) is relatively compact in the norm topology. Finally, 
suppose (d) holds and take an arbitrary bounded sequence (x n ) c Y. Choose a 
subsequence {x n ) such that P\Xn norm-converges as n — > oo. From (x n ) choose 
a subsequence {x n ) such that P2X n norm-converges, and so on. Then (y n ), with 
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y n := Xn , which is bounded and Cauchy in the local topology is Cauchy in the 
strict topology by Lemma 2.11 (iv). Thus every sequence in S has a subsequence 
that is Cauchy in the strict topology, so that, by Lemma 2.11 (vi), (c) holds. ■ 

Example 2.15 As an important example of relative compactness in the strict 
topology consider the situation of Examples 2.5 and 2.9, where Y = Y = BC(M. N ) 
and (Y, s) is just Y with the standard strict topology of [12]. It follows from the 
equivalence of (a) and (d) in the above lemma and the Arzela-Ascoli theorem that 
S C Y is relatively compact in (Y, s) iff 5" is bounded and equicontinuous. Recall 
that S C Y is equicontinuous if 

sup \x(s) — x(t)\ — > as t — >• s, 

xes 

for all s € R N . □ 

Remark 2.16 As the following corollary of the above lemma already indicates, 
many of the results we obtain in the text will simplify and become more complete 
in the case that P n £ K(Y) for all n. We note that, by (ii), P n is compact for all 
n if, for every N, P n is compact for some n > N. □ 

Corollary 2.17. IfY is sequentially complete in the strict topology (i.e. Y = Y) 
and P n G K(Y) for all n, then S <ZY is relatively compact in the strict topology iff 
it is norm-bounded. 



CHAPTER 3 



Classes of Operators 



We have introduced already L(Y) and K(Y), the sets of linear operators that 
are, respectively, bounded and compact on (Y, || • ||). We have noted that L(Y) 
coincides with the set of linear operators that are bounded on (Y, s). Let C(Y) and 
S(Y) denote the sets of those linear operators that are, respectively, continuous and 
sequentially continuous on (Y, s). Thus A 6 S(Y) if and only if, for every sequence 
(% n ) C Y and x £ Y, 

(3.1) x n — > x => Ax n — ► Ax. 

Let SN(Y) denote the set of those linear operators that are sequentially continuous 
from (Y, s) to (Y, || • ||), so that A £ SN{Y) iff 

(3.2) x n — > x =>• Ax n -> Ax. 

We remark that the operators in S(Y) and SN(Y) are precisely those termed 
s— continuous and sn— continuous, respectively, in [7]. 

From standard properties of topological vector spaces [96, Theorems A6 and 
1.30], and Lemma 2.12, it follows that C{Y) C S{Y) C L(Y). In fact we have the 
following stronger result. 

Lemma 3.1. C(Y) = S(Y). 

Proof. Let C(Y), S(Y) denote the sets of linear operators on Y that are, respec- 
tively, continuous and sequentially continuous. For n £ Ng let Y n denote the linear 
subspace of Y, 

(3.3) Y n :={x£Y : \x\ n = 0} = {x £ Y : P m x = 0, < to < n}. 

Note that, by (ii), for every to € No, Q n (Y) C Y m for all sufficiently large n, and, 
for all x £ Y, \\x — Q n %\\ == ll-fn^ll £ Mn- Thus Assumption A' of [26] holds and 
it follows from [26, Theorem 3.7] that C{Y) = S(Y). 

By Lemma 2.13, the sequential closure of Y C Y in the strict topology is Y. 
In Lemma 3.18 we will show that every A £ S(Y) has an extension A £ S(Y) 
defined by Ax — linin^^ AP n x, where the limit exists in the strict topology. Then 

A £ C{Y) and A = A\ Y £ C{Y). U 

In view of this lemma it holds that 

(3.4) SN(Y) C C(Y) = S(Y) C L(Y). 

As Lemmas 3.3-3.4 below clarify, in general SN(Y) is a strict subset of S(Y). 
The following example shows that S(Y) ^ L(Y) in general, indeed that A may be 
compact on (Y, | • ||) but not sequentially continuous on (Y,s). 

28 
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Example 3.2 Let Y = £°° and P n be as in Example 2.2. Let c[ denote the 
set of those x G £°° for which lim m _j. +00 x(m) exists. By the Hahn-Banach theorem 
a bounded linear functional £+ : Y — > C exists such that t+{x) = \m\ m ^,. +co x(m), 
x G cf. Define A G L(Y) by Ax = £ + (x)y, x G Y, where y G Y is non-zero and 
fixed. Then the range of A is one-dimensional so that A G K(Y) c £(Y). However, 
defining a; = (..., 1, 1, 1, ...) and x n — Q n %, Q n x — > as n — > oo but AQ n x = 1 for 
all ra. Thus A £ S(Y). D 

The following lemmas provide alternative characterisations of the classes SN(Y) 
and S(Y) and shed some light on the relationship with K(Y). 

Lemma 3.3. A G SN(Y) iff A G L(Y) and \\AQ n \\ -> os n -+ oo. 

Proo/. Suppose A G 5JV(F). Then A G L(Y). To see that also \\AQ n \\ -> 
as n —¥ oo, suppose that this does not hold. Then there is a bounded sequence 
(x n ) G y such that AQ n x n -/> 0. But this is impossible as Q n x n — ¥ 0, and hence 
||A<5 n x n || — > as n — > oo, which is a contradiction. 

For the reverse implication, take an arbitrary sequence (x n ) C 1" with x„ — > 
as n — > oo. Then ||x n || is bounded and ||P m x n || — > as n — > oo for every m. Now, 
for every m and n, 

\\Ax n \\ < \\AP m x n \\ + \\AQ m x n \\ 

< m||||P m ar n || + ||AQ m ||sup||a: n || 

n 

holds, where ||AQ m || can be made as small as desired by choosing m large enough, 
and ||P m x„|| tends to zero as n — > oo. ■ 

Lemma 3.4. A G S(Y) iff A £ L(Y) and P m A G SN(Y) for every m. 

Proof. If A G S(Y) then A G L(Y). The rest trivially follows from 

Ax n —^0 as n — > oo ^=> ||P m j4x ra || — > as n — » oo Vm 

for every bounded operator A and every bounded sequence (x n ) cV*. I 
Corollary 3.5. A G S(Y) iff A G L(Y) anrf ||P m AQ n || ->• as n -> oo /or every 



Example 3.6 Let Y = L p (E Ar ) and P n be defined as in Example 2.4. Let 
k G L 1 (M JV ) and let A be the linear integral operator, a so-called convolution 
operator, defined by 



Ax(s) = / k(s- t)x(t)dt, s G 



niV 



Then, by Young's inequality, A G L(Y) with \\A\\ < \\k\\i. Further, A G 5(Y), 
since ||P m -A<3«,|| -> as n ^ oo, for all m. To see this, note that, for every m, 
P m AQ n = for all sufficiently large n if k G C^°(IR Ar ), and then use the density of 

C^'{R N )mL 1 (R N ).D 

Lemma 3.7. S(Y) n #(Y) C SN(Y), with equality if and only if P n G K{Y) for 
all n. 
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Proof. Suppose A G S(Y) n K (Y). Take an arbitrary sequence (x n ) C Y with 
x n — > as n — > oo. From A G S'(Y') we conclude that Ax n — > as n — > co. Since 
{x n } is bounded and A is compact, we know that {Aa;„} is relatively compact, so 
every subsequence of (Ax n ) has a norm-convergent subsequence, where the latter 
has limit since Ax n — > as n — >• co. Of course, this property ensures that Ax n 
itself norm-converges to 0. 

To see when equality holds consider that, by (ii), it holds for every m that 
PmQn = for all sufficiently large n. Thus, by Lemma 3.3, P m G SN(Y) for all m. 
So clearly SN(Y) <f_ K(Y) if P m is not compact for all m. If P m is compact for all 
m and A G SN(Y) then, by Lemma 3.3 again, A is the norm limit linim^oo AP m , 
with AP m compact, so that A is compact and SN(Y) C K(Y). Thus equality 
holds iff P m e K(Y) for all m. ■ 

Recall that (e.g. [4]) if K E K(Y) and A n converges strongly to A then, since 
pointwise convergence is uniform on compact sets, \\{A n — A)K\\ —} 0. This and 
Lemma 3.7 have the following implication. 

Lemma 3.8. If P n converges strongly to I then ||Q n iif || — > as n — > for all 
K G K(Y), while if P* converges strongly to I* (P* and I* the adjoints of P n and 
I) then \\KQ n \\ ->0osn^ 6 for all K e K(Y), so that K(Y) C SN(Y). 

Lemma 3.9. Let A be a linear operator on Y . Then the following statements are 
equivalent. 

(a) AeSN(Y). 

(b) A G L{Y) and there is a neighbourhood of zero, U , in (Y, s), for which A(U) 
is norm-bounded, in fact for which sup^g^ ||j4Q n x|| — > as n — > co. 

(c) A is a continuous mapping from (Y, s) to (Y, || • ||). 

Proof. That continuity implies sequential continuity, so that (c) => (a), is standard 

[96]. 

Suppose that (a) holds. Then A £ L(Y) D SN(Y). Moreover, by Lemma 3.3, 
H-AQrall -)0asu->oo. Choose positive integers n\ <S^ n-i <§C ... such that 

\\AQA\<4- m , j>n m , 

for m G N. Then, for x G Y, m G N, and n m < j < n m+ i, since P UN QjX —> QjX as 

N^od and Ae SN{Y), 

\\AQ jX \\ = lim \\AP nN Q 3 x\\ 

N— voo 

= lim \\A(Qj -Qn N )x\\ 

N-l 

= lim || V A(Q h . -Q fi )a:||, 

N^-oo * — ' 
i—m-\-l 

where hi :— Ui^ for % > m+ 1, and n m +i := j. Further, for i > m + 1, 

P(q s , - g Si+1 )x|| = pQ„ s p fii+1 x|| < ^-ip^^h. 

Now, define n := and a m := 2~ l , for rij < m < n i+1 , j G No, and set a :— 
(oo,ai, ...) and U := {x : \x\ a < 1}. Then, from the above inequalities, we see that, 
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for x E U , m E N, and n m < j < n m +i, it holds that 

OO CO 

\\AQjx\\< J2 4 1_i ll-Pfti +1 s|l < E 4 1 - i /of il+1 <2 3 



=m+l 



since a„ i+1 > a„ i+1 = 2 ( i+1 ). Thus 



sup ||^4Qjx|| — > as j — >• oo. 

Moreover, for x E U, \\P ni x\\ < l/a ril = 2, so that 

sup || Ar|| < sup ||AP ni x|| + sup ||AQ ni a;|| < 2||A|| + 4. 

x£U x£U x£U 

Since U is a neighbourhood in (Y, s), we have shown that (a) => (b). 

Now suppose that (b) holds, so that A E L(Y) and A(U) is norm-bounded, 
with U a neighbourhood of in (Y, s). To show that (c) holds it is enough to show 
that A is continuous at 0. But if V is a neighbourhood of in (Y, || • ||) then V 
contains XA(U), for some A > 0, and so A _1 (V) contains XU. Thus (b) => (c). ■ 

Recall that K(Y) stands for the set of compact operators on Y. Following [85, 
§1.1.2], we denote the set of all K E L(Y) which are subject to 

(3.5) \\KQ n \\->0 and \\Q n K\\ -> as n -> oo 

by K(Y,V). Moreover, let L(Y,V) refer to the set of all bounded linear operators 
A on Y such that AK and KA are in K(Y,T) whenever K E K(Y,V). Both 
K{Y 1 V) and L(Y,V) are Banach subalgebras of L(Y), and K(Y,V) is a two-sided 
ideal in L(Y, V). By definition, L(Y, V) is the largest subalgebra of LiY) with that 
property. It is shown in [85, Theorem 1.1.9] that L(Y,V) is inverse closed; that is, 
if A e L(Y,V) is invertible then A- 1 E L(Y,V). 

Lemma 3.10. An operator A E L(Y) is in L(Y,V) iff for every m E No, 
\\P m AQ n \\ -^ and \\Q n AP m \\ -> as n -> oo. 

Proof. This is a straightforward computation. (See [85, Prop. 1.1.8].) ■ 

Remark 3.11 Clearly the characterisations of S(Y) and SN(Y) in Lemma 
3.3 and Corollary 3.5 bear a close resemblance to the definition of K(Y,V) and 
the characterisation of L(Y,V) in the above lemma, respectively. In particular, in 
the case that Y is a Hilbert space and P n is self-adjoint, for each n, it holds that 
A E K{Y,V) {E L(Y,P)) iff A and A* are in SN(Y) (in 5(F)), where A* denotes 
the adjoint of A. □ 

The above characterisation also yields the following interesting result: 

Lemma 3.12. For an operator K E L{Y^V), either both or neither of the two 
properties in (3.5) hold, so that L{Y,V) n SN{Y) = K(Y,V). 

Proof. Suppose K E L(Y,V) and ||FTQ„|| ->• as n ->• oo. Then for all m,n E N , 

IIQn-KII < \\Q n KP m \\ + \\Q n KQ m \\ < \\Q n KP m \\ + \\KQ m \\ 

holds, where ||ifQ m || can be made as small as desired by choosing m large enough, 
and || Q n KP m || tends to zero asm oo. Consequently, also the second property 
holds in (3.5). By a symmetric argument we see that the second property implies 
the first. ■ 
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In analogy to Lemma 3.7 we have the following result. 

Lemma 3.13. L(Y,V) n K(Y) C K(Y,V), with equality if and only if P n G K(Y) 
for all n. 

Proof. From Corollary 3.5 and Lemma 3.10 we know that L(Y,V) C S(Y). Conse- 
quently, 

L(Y,V)nK(Y) = L(Y,V)nL(Y,V)nK(Y) 
C L(Y,V)nS(Y)nK(Y) 

c i(y,7>)nsiv(y) = a(f,p), 

where we used Lemmas 3.7 and 3.12 for the last two steps. Moreover, if P n G if (Y) 
for all uandife A(Y,"P) then P n K G K{Y) for all n and A' = ]xmP n K G A(Y). 
If P„ ^ A(Y) for some n then P n is contained in the difference of the two sets 
under consideration. ■ 

The above lemma has the following refinement in the case when both P n and 
its adjoint converge strongly to the identity. 

Definition 3.14. [85] CallV perfect if P n converges strongly to I and P* converges 
strongly to I* . 

Lemma 3.15. If V is perfect then K{Y) C K{Y,T). If also P n G K(Y) for every 
n, thenK(Y)^K(Y 1 V) and L{Y) = L(Y,V). 

Proof. That K(Y) C K(Y,V) follows from Lemma 3.8, and that K(Y,V) C K(Y) 
if V C K(Y) follows from Lemma 3.13. Then L(Y,V) = L(Y) is immediate from 
the definition of L(Y,V). ■ 

The class of operators 

(3.6) L (Y) := {A G L(Y) : x G Y ^ Ax G Y } 

will turn out to be of particular interest to us. Recall that Y"o is characterised by 
Lemma 2.7. 

Lemma 3.16. For A G L(Y), the condition A G io(^) * s equivalent to the strong 
convergence Q n AP m — > as n — > oo /or every fixed m. 

Proof. Fix an arbitrary in G N. By Lemma 2.7, the strong convergence Q n AP m — > 
as n — > oo is equivalent to AP m x G Yo for every x G F. Clearly, A G io(^) implies 
AP m x G lo for every x GY, since P m a; G 1q. The reverse implication follows from 
P m x — > x for every x G Yo, from the continuity of A, and the closedness of Yq. ■ 

As an immediate consequence of Lemmas 3.10 and 3.16 we get the following. 
Corollary 3.17. Every operator in L(Y,V) mapsYo intoYo, i.e. L(Y,V) C Lq(Y). 

We finish this discussion by noting that every A G S(Y) has a unique extension 
to S(Y). 

Lemma 3.18. Every A G S(Y) has a unique extension to an operator A G S(Y), 
defined by 

(3.7) Ax := lim AP n x, x eY, 
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where the limit is understood in the strict topology. It holds that \\A\\ = \\A\\, 
and if A £ SN(Y), L{Y,V) or K(Y,V), then A G SN(Y), L(Y,V) or K(Y,V), 
respectively. Conversely, if A G S(Y), SN(Y), L{Y,V) orK(Y,V) and if A(Y) C 
Y, then A := A\ Y G S(Y), SN(Y), L(Y,V) or K(Y,V), respectively. 

Proof. It is easy to see that every sequentially continuous linear operator on a TVS 
has a unique sequentially continuous extension to the sequential completion of the 
TVS. The obvious construction of this extension in our case is (3.7). For x G Y, 
we have AP n x — > Ax since P n x — > x and A G S(Y), so that A\y = A. Moreover, 
for x E Y, 

\\Ax\\ <sup||AR„x|| < ||A|| sup \\P n x\\ =\\A\\\\x\\ 

n n 

so that A is bounded and \\A\\ < \\A\\. Together with A\ Y = A. this gives \\A\\ = 

mil. 

Now let us show that A £ SN(Y) if A G SN(Y). For every x G F and n G N, 
we have PfcX — >• x, and therefore AQ n P^x = AQ n P^x — > AQ n x as k — > oo since 
i,Q„ G 5(y"). Thus, for x£Y with ||»|| = 1, 

\\AQ n x\\ < sup || J 4g„P A; a;|| < sup \\AQ n P k \\ < \\AQ n \\ sup ||P fe || -> 

asrn oo, by Lemma 3.3, since A G SN(Y). Hence A G SN(Y), by Lemma 3.3 
again. 

From the trivial equality ||Q r iAP m || = ||<5„yl-P TTi ||, together with A G S(Y), we 
get that A G L(Y,V) if A G L(Y,V), by Corollary 3.5 and Lemma 3.10. Finally, it 
follows that i G K{Y,V) = L{Y,T) n SiV(T) if A G if(F,-p) = £(T,P) n S*7V(F), 
by Lemma 3.12. ■ 

3.1. Compactness and Collective Compactness on (Y, s) 

A linear operator on a TVS is said to be compact if the image of some neigh- 
bourhood of zero is relatively compact. A linear operator is often said to be Montel 
if it has the weaker property that it maps bounded sets onto relatively compact sets. 
These properties coincide when the TVS is a normed space. Much of the familiar 
theory of compact operators on normed spaces generalises to compact operators on 
locally convex separated TVS's, for example the theory of Riesz [90]. In particular, 
a compact operator has a discrete spectrum (as an element of the algebra C(V)), 
whose only accumulation point is zero, and all non-zero points of the spectrum are 
eigenvalues. By contrast, as we will see below, the spectrum of a Montel operator 
may be much more complex. 

Let KS{Y) denote the set of compact operators on (Y, s) and M(Y) the set of 
Montel operators. Then it is standard (and clear) that KS(Y) C M{Y) C L(Y) 
and KS(Y) C C(Y). Also K(Y) C M(Y), since bounded sets coincide in the 
strict and norm topologies and relatively compact sets in the norm topology are 
relatively compact in the strict topology. Thus, by Example 3.2, it may not hold 
that M(Y) C S(Y). (A Venn diagram illustrating the various subsets of L(Y) that 
we have introduced in this chapter is shown in Figure 3.1 below.) By Lemmas 2.11 
and 2.14, an operator A is in M(Y) iff the image of every norm-bounded set is 
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relatively sequentially compact in the strict topology. Operators with this property 
are termed sequentially compact with respect to the (Y,s) topology in [26]. The 
following two lemmas are useful characterisations of M(Y) in the case when Y is 
sequentially complete (which is the case when Y = Y, by Lemma 2.13). 

Lemma 3.19. IfY = Y then A € M(Y) iff A £ L(Y) and P m A £ K(Y) for every 



Proof. The lemma follows immediately from the equivalence of (a) and (d) in 
Lemma 2.14. This implies that A £ M(Y) iff A(S) is norm-bounded and P n A(S) 
is relatively compact in the norm topology, for every n and every norm-bounded 

set S. m 

Remark 3.20 In the case Y = D>(R N ) of Example 2.4 (in which case Y = Y), 
an operator which satisfies P m A £ K(Y) and also AP m £ K(Y) for each m is 
termed locally compact in [19, 63, 81, 85]. In the case Y = BC(R N ) of Example 
2.5 (in which again Y = Y) an operator A £ L(Y) is termed locally compact in [48] 
if it holds merely that P m A £ K(Y) for every m, i.e. by Lemma 3.19, if A £ M(Y). 
D 

Lemma 3.21. If A £ M(Y) then AP n £ KS(Y) for every n. Conversely, if 
Y = Y, A£ S(Y) and AP n £ M(Y) for every n, then A £ M{Y). 

Proof. By Lemma 3.3, P n £ SN(Y), and so, by Lemma 3.9, maps some neighbour- 
hood in (y, s) to a bounded set in (Y, || • ||). (In fact every neighbourhood in (Y, s) 
is mapped to a bounded set.) Thus AP n £ KS(Y) if A £ M{Y). 

If AP n £ M(Y) for every n then, by Lemma 3.19, P m AP n £ K (Y) for every m 
and n. If also A £ S(Y) then, by Corollary 3.5, \\P m A - P m AP n \\ -> as n -> oo, 
so that P m A £ K(Y) for every m. Thus A £ M(Y) by Lemma 3.19. ■ 

Many of the arguments we make in this text will deal with families of operators 
that have the following collective compactness property. 

Definition 3.22. [26] We say that a set K, of linear operators on Y is uniformly 
Montcl on (Y, s) or is collectively sequentially compact on (Y, s) if for every 
bounded set B , UkekK^B) is relatively compact in the strict topology. 

Remark 3.23 Note that, by Lemma 2.14, Uk^kK(B) is relatively compact 
in the strict topology iff Uk^kK(B) is relatively sequentially compact in the strict 
topology, i.e. iff, for every sequence (K n ) C K. and (x n ) C B, (K n x n ) has a strictly 
convergent subsequence. □ 

That being Montel on (Y, s) is significantly weaker than being compact is very 
clear in the case when P n is compact for all n. The next two results follow from 
Corollary 2.17 (the first is also a corollary of Lemma 3.19). 

Corollary 3.24. IfY = Y and P n £ K(Y) for every n then M(Y) = L(Y). 

Corollary 3.25. If Y = Y and P n £ K(Y) for every n then a set K. of linear 
operators on Y is uniformly Montel on (Y,s) iff ' JC is uniformly bounded. 

Remark 3.26 Some of our subsequent results will only apply to operators A 
of the form A = I + K with K £ S(Y) n M(Y). It follows from Corollary 3.24 
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that, if Y = Y and P n £ K(Y) for each n, then A - I G S(Y) n 7\f (y) whenever 
A G >5(F), so that every A £ S(Y) can be written in this form. □ 

M(Y) is the set of operators which map bounded sets to relatively compact 
sets in (Y,s), and we have seen in Lemma 3.9 that SN(Y) is precisely the set of 
those operators that map some neighbourhood in (Y, s) to a bounded set. On the 
other hand, KS(Y) is the set of those operators that map some neighbourhood to 
a relatively compact set. Clearly, if A £ M(Y) n SN(Y) then A 2 £ KS(Y). What 
is less clear is that A £ KS(Y), which the next lemma shows. 

Lemma 3.27. It always holds that S(Y) n K{Y) C SN(Y) n M(Y) = KS(Y). If 
P n £ K(Y) for each n then S(Y) n K{Y) = SN(Y) = KS{Y). 

Proof. We have seen already that S(Y) n K{Y) C SN{Y) and K(Y) C M(F). 

To show that SN(Y) n M(Y) = #S(Y), suppose that if G KS(Y). Then, as 
noted already, it follows that K £ M(Y). Since K maps some neighbourhood of 
zero in (Y,s) to a relatively compact set in (Y,s), and relatively compact sets are 
bounded, it follows from Lemma 3.9 that K £ SN(Y). 

Suppose now that K £ SN(Y) n M(Y). Then, by Lemma 3.9, there exists 
a neighbourhood of zero, U, in (Y,s), for which K{U) is norm bounded and 
supj.gy ||JfQ n a;|| — > as n — > oo. Let a : N — > (0, oo) be a null sequence and 
let V be the neighbourhood of zero, V := {x £ U : \x\ a < 1}. Then, for every 
n, P n {V) C Y is bounded so that, since K £ M(Y), for every n, the image of 
every sequence in V under the mapping KP n has an s— convergent subsequence. 
In particular, given a sequence (x m ) c V we can construct a chain of subsequences 
(x m ) D (x„i ) D (il,) D • ■ ■ such that KPjXm is s— convergent as m — > oo for 
j = 1, ...,n. Then KPjXm is s— convergent for every j, to a limit j/j G Y. Now, 
for each k,j 1 ,j 2 , 



l.r 



ll^(^ " fe)ll = lim ||P^(Q, 2 - QiJx^H < sup ||if(g j2 - Q ix 

m-s-oo xeV 

Thus 

11% - fell = SU P ll p fe(%i - &JII -> ° 

as Ji, J2 — > oo, so that, since F is a Banach space, for some y G Y", yj —> y as 
j — ¥ oo. It follows that Kxm A y as m — >• oo, so that we have shown that K (V) is 
relatively sequentially compact in (Y, s) and so, by Lemma 2.14, relatively compact, 
so that If G KS(Y). To see this last claim, note that K(V) C K(U) is bounded 
and that, for every k and j, 

\\P k {Kx^ - y)\\ < \\P k (KP jX ™ Vj )\\ + \\P k ( Vj - y)\\ + \\P k KQ jX ^\\, 

which can be made as small as desired by choosing first j and then m sufficiently 
large. 

The last sentence of the lemma follows immediately from Lemma 3.7 and from 
SN(Y) = S{Y)f]K(Y) C K{Y) C M{Y) and therefore SN{Y)f]M(Y) = SN(Y). 
m 

We finish the section with further examples of operators in S(Y), KS(Y), and 
M(Y). 
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FIGURE 3.1. Venn diagram of the operator classes studied in this chapter. 
(The gray shaded area represents K(Y,V), and the hatched area is KS(Y).) 



Example 3.28 Let Y = BC(R N ) and P n be denned as in Examples 2.5 and 
2.15, so that Y = Y and Y is sequentially complete in the strict topology. Suppose 
that K is a linear integral operator on Y of the form 



s G 



<tN 



Kx(s) = / k(s,t)x(t)dt, 

with fc(s, •) G L 1 {R N ) for every s G R N . Then [48] K G S(Y) iff 



(3.8) 

and 
(3.9) 



sup 

sGH N 



\k(s,t)\dt < oo 



/ \k(s, t) — k(s',t)\dt -> 0, as s' ->• s, 

Jr n 



for every s e K . Conditions (3.8) and (3.9) imply that K maps bounded sets 
to bounded equicontinuous sets, that is to sets that are relatively compact in the 
strict topology (see Example 2.15). Thus K € M(Y) n S{Y) if (3.8) and (3.9) 
hold. Conditions (3.8) and (3.9) hold, in particular, if (as in Chapter 8) K is 
in the algebra generated by operators of multiplication by bounded continuous 
functions and operators of convolution by L 1 functions (as in Example 3.6), or in 
the closure of this algebra in L(Y) with its norm topology. (Such operators are 
termed convolution-type operators in [85].) □ 

Example 3.29 As a special case of the above example, suppose that K is 
defined as in Example 3.6. Then [48] the spectrum of K is {0} U {«(£) : £ G R N }, 



where 



K G 



iY 



) is the Fourier transform of k. All non-zero points of the 



spectrum are eigenvalues (k(£) has eigenfunction x(s) := exp(«£ • s)). Since the 
spectrum of K is not discrete, K G M(Y) n S(Y) but K £ KS(Y). □ 

Example 3.30 (Cf. [6, 21].) As another special case of Example 3.28, consider 
the one-dimensional case N = 1 with K defined by 

Kx(s) = / exp(ist)x(t)dt, set. 
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Then K = KP n for all n > 1, so that K £ KS(Y) by Lemma 3.21. But K <£ K(Y) 
as, defining x n (s) = exp(— ins), sgR, (i"fir n ) has no norm-convergent subsequence 
since Kx n (s) — > as s — ¥ oo for every n but Kx n {n) = 1 for each n. D 

3.2. Algebraic Properties 

We will find the algebraic properties collected in the following lemma useful. 
These are immediate from the definitions and Lemmas 3.9, 3.21 and 3.27. 

Lemma 3.31. Let A and B be linear operators on Y . Then 

AeM(Y), B £ L{Y) => ABeM(Y) 

A € S(Y), B £ M(Y) => AB £ M(Y) 

A £ L(Y), B e SN(Y) => AB £ SN{Y) 

A e SN(Y), B e S(Y) => AB e SN(Y) 

A e SN(Y), B e M(Y) => AB e K(Y) 

A e M(Y), B e SN(Y) ^ AB e KS(Y) 

A e KS(Y) =$> A 2 e K(Y) 

S(Y), SN(Y), M(Y), and KS(Y) are all vector subspaces of L(Y). It follows 
from the above lemma that they are all subalgebras of L(Y), and that SN(Y), 
M{Y) n S(Y), and KS{Y) are all (two-sided) ideals of S(Y). Moreover, all these 
subalgebras are closed when endowed with the norm topology of L(Y). 

Lemma 3.32. S(Y), SN(Y), M(Y), and KS{Y) are all Banach subalgebras of 
L(Y), with S(Y) a unital subalgebra and SN(Y), M(Y) H S(Y), and KS(Y) two- 
sided ideals of S(Y). 

Proof. It only remains to show that each subalgebra is closed. If A e L(Y) is in 
the closure of SN(Y) then, for every B £ SN(Y) and every n, 

\\AQJ <\\BQ n \\ + \\(B-A)Q n \\ < \\BQJ +2\\B - A\\. 

Since B can be chosen to make \\B — A\\ arbitrarily small and, by Lemma 3.3, 

ll-BQnll — > as n — > oo for every B, it follows that ||AQ n || — > as n — > oo so that 
A £ SN(Y). Thus SN(Y) is closed. 

Since SN(Y) is closed it follows from Lemma 3.4 that S(Y) is closed. 

As K(Y) is closed, it follows from Lemma 3.19 in the case Y = Y that M(Y) is 
closed. In the general case, to see that M(Y) is closed, suppose that (A m ) c M{Y) 
and A m ^4 A £ L(Y). Let (x n ) be a bounded sequence in Y, Then, by a diagonal 
argument as in the proof of Lemma 3.27, we can find a subsequence, denoted again 
by (x n ), such that, for each to, there exists & y m £ Y such that A m x n — > y m as 
n — > oo. Arguing as in the proof of Lemma 3.27, we can show that the sequence 
(ym) is Cauchy in (Y, ||.||) and so has a limit y £ Y, and that Ax n — > y. This shows 
that the image of every bounded set under A is relatively sequentially compact and 
so relatively compact in (Y, s), by Lemma 2.14, i.e. A £ M(Y). 

By Lemma 3.27, KS{Y) = M(Y)nSN(Y), being the intersection of two closed 
spaces, is closed itself. ■ 
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We will say that A G L(Y) is invertible if it is invertible in the algebra of linear 
operators on Y, i.e. if it is bijective. Automatically, by the open mapping theorem, 
it follows that A^ 1 G L(Y). An interesting question is whether S(Y) — C(Y) is 
inverse closed, i.e. whether, if A G S(Y) is invertible, it necessarily holds that 
A^ 1 G S(Y). Since (Y, s) is not barrelled [26], this question is not settled by 
standard generalisations of the open mapping theorem to non-metrisable TVS's 
[90]. Indeed, it is not clear to us whether S(Y) is inverse closed without further 
assumptions on Y. But we do have the following result which implies that S(Y) is 
inverse closed in the case when Y = Y and P n G K{Y) for each n. 

Lemma 3.33. Suppose A,B £ S(Y) are invertible and that A^ 1 G S(Y) and 
A-B G M(Y). Then B" 1 G S(Y). 

Proof. We have that B" 1 = D^A' 1 , where D = I + C and G = A~ l (B - A). By 
Lemma 3.31, C G S{Y) n M(Y). To show that B" 1 G S(Y) we need only to show 
that D- 1 G S(Y). 

Suppose that (x n ) c Y, x G Y, and x n — > x. Let y„ := D x n . By (2.6), and 
since D^ 1 = B~ x A G £(Y), (x„) and (j/ n ) are bounded. For each n, 

(3.10) y„ + Cy n = x n . 

Since C G M(F) there exists a subsequence (y nm ) an d y £ Y such that i„ m — 
Cj/ nm A y. From (3.10) it follows that y Um A y. Since C G 5(Y), it follows 
that x Um — Cy rim — > x — Cy. Thus y — x — Cy, i.e. y = D x. We have shown 
that y n = D~ l x n has a subsequence strictly converging to y = D~ l x. By the 
same argument, every subsequence of y n has a subsequence strictly converging to 
y. Thus D _1 a;„ A D~ l x. So B" 1 G 5(F). ■ 

Corollary 3.34. IfY = Y and P n G K(Y) for all n then S(Y) is inverse closed. 

Proof. If Y — F and P n G if(F) for all n, and A G S(Y) is invertible, then 
/ - A G M (Y) by Corollary 3.24, so that A" 1 G 5(F) by the above lemma. ■ 



CHAPTER 4 



Notions of Operator Convergence 



A component in the arguments to be developed is that one needs some notion 
of the convergence of a sequence of operators. For (A n ) C L(Y), A e L(Y), let 
us write A n =4 A if \\A n — A\\ — > (as n — > oo) and A n — > A if (A n ) converges 
strongly to A, in the strong operator topology induced by the norm topology on Y, 
i.e. if A n x — > Ax for all x € Y . Following [63, 85] we introduce also the following 
definition. 

Definition 4.1. We say that a sequence (A n ) C L(Y) V-converges to A £ L(Y) 
if, for all K e K{Y,V), both 

(4.1) \\{A n - A)K\\ ->0 and \\K(A n - A)\\ -»■ as n ->• oo. 

v 
In this case we write A n — > A or A — V- lim A n . 

The following lemma is a generalisation of Proposition 1.65 from [63]. It shows 
that every ^-convergent sequence is bounded in L(Y) and that, conversely, for a 
bounded sequence (A n ) one has to check property (4.1) only for K € V in order to 

guarantee A n — > A. 

Lemma 4.2. Suppose (A n ) C L(Y) and A e L(Y). Then A n ^ A iff (A n ) is 
bounded in L(Y) and, for all m, 

(4.2) \\{A n -A)P m \\^Q and \\P m (An - A)\\ -*• as n -> oo. 

Proof. Suppose (A n ) is bounded and (4.2) holds. Then, for all m e N and all 
K e K(Y,V), one has 

\\K{A n -A)\\ < \\K\\\\P m (A n -A)\\ + \\KQ m \\\\A n -A\\, 

where the first term tends to zero as n — > oo, and the second one is as small 
as desired if m is large enough. The first property of (4.1) is shown absolutely 
analogously. 

Conversely, if (4.1) holds for all K e K(Y,V), then (4.2) holds for all m e N 
since V C K(Y,V). It remains to show that (A n ) is bounded. 

Suppose the converse is true. Without loss of generality, we can suppose that 
A = 0. Now we will successively define two sequences: (wi)^ C N and (nk)^ =0 C 
No- We start with m 2 ^ mi := 1 and uq := 0. 

For every k £ N, choose n^ € N such that 

n k > n fc _! , ||A„J| > fc 2 + 3 and HP^^AJI < 1, 

39 
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■p 

the latter possible since -P m3fc _ 1 G K(Y,'P) and A n — > 0. Then 

IIQmsfc-i AiJI > IIAiJI " \\P ma/e-iAifcl > k + 3— 1 = fc +2. 

Take Uk G K with ||itfc|| = 1 and ||Qm 3fc _ 1 A„ fc Ufc|| > fc 2 + 1, and choose the next 
three elements of the sequence (to,;) by 7713^+2 3> m^k+i ^ "^3fc ^ m^k-i such 
that ||P m 3 fc Q m3fc _ 1 ^4ra fc Mfc|| > fc 2 , which is possible by (2.2). Then 

\\P m3k Qm 3k ^A nk \\ > fc 2 for all fceN. 

Now put 

00 _. 

K := 2_^ -p Prn 3j + 1 Qm 3] -2- 

From mj -C TOj+i for all i € N we get that f > m 3t Qm 3i _ 1 fra 3j+ iQm3 3 _ 2 equals 
P m3fc Q m , 3fc _ 1 if fc = j and otherwise. Consequently, 

1 

fc 2 
and hence, 

1 fc 2 

for every fc G N. On the other hand, K G K(Y,'P), which implies ||X^4„|| — > as 
n — > oo. Contradiction. ■ 

The following is a simple but important example of ^-convergence that is fun- 
damental to the application we study in Chapter 6. 

Example 4.3 Generalising Example 2.2, we suppose that Y = l p {Z N , U), for 
some p G [1, oo] and N G N where U is some Banach space. The elements of Y axe 
of the form x = (x(m)) meZ N with x(m) G U for every to = (mi, ..., TOjv) € 2^ and 
we equip Y with the usual norm. For to G Z , we define |to| := max(|mi|, ..., |tojv|) 
and put 

x(m), \m\ < n, 



^m 3k Wm 3k -i^ — 7,2 -^rn 3k Qrn 3k ^n 



(4.3) P n x(m) - - , ,, 

1 0, |m| > n, 

for every a; G Y and n G No- Similarly to Examples 2.2 and 2.4, V = (P n ) satisfies 
(i) and (ii) with N(m) = to. 

For b = (b(m)) rneZ N G £°°(Z N ,L(U)) define the multiplication operator M b G 
L(Y) by 

(4.4) M b x{m) = b(m)x(m), to G Z N , 

for x £ Y, and note that ||Mj,|| = ||6||. It is a straightforward consequence of this 

equation and Lemma 4.2 that, for a sequence b n G £°°(Z N , L(U)), 

■p s 

Mb n — >• <=>• sup ||6„|| < oo and 6„ — >• 

n 

(4.5) <=> sup ||& n || < oo and ||&„(to)| -> 0, Vm G Z N . 

n 

In the above equation by b n — > we mean that 6„ converges to zero in the strict 
topology generated by the family V = {P n ), where we are here using the notation P n 
also to denote the operator on £°°(Z N , L(U)) defined by (4.3) for x G £°°{Z N , L(U)). 

□ 
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We have seen already that S(Y) and L{Y,V) are Banach subalgebras of L(Y). 
Both are also closed with respect to V— convergence. 

Lemma 4.4. S(Y) and L(Y,V) are sequentially closed with respect to V— con- 
vergence. 

Proof. First suppose (An) C S(Y), A £ L(Y) and A n -)■ A. Then, if x n A 0, for 
every k and m, we have 

\\P k Ax n \\ < \\P k (A - A m )\\ sup ||a; B || + \\P k A m x n \\. 

n 

But ||PfcA m a;„|| — > as n — > oo since A m G «5(F), and ||Pfe(A — -A m )|| can be 
made as small as desired by choosing m large. So we get Ax n — > 0, and therefore 

Ae S(Y). 

Similarly (see Proposition 1.1.17(a) in [85] for the details) we show that also 
L{Y,V) is sequentially closed. ■ 

To make use of results from [26] we introduce also the notions of operator 
convergence used there. For (A n ) C L(Y) and A £ L(Y), let us write A n — > A if, 
for all (x n ) C Y, 

(4.6) x n — > x =^> A n x n — > Ax. 

Call A C L(Y) s -sequentially compact if, for every sequence (A n ) C A, there exists 
a subsequence (A nm ) and A £ A such that A nm — > A. Note that A — > A holds iff 
A E S(Y). It follows that, if A C L(Y) is s-sequentially compact, then A C S(Y). 

A more familiar and related notion of operator convergence is that of strong 
(or pointwise) convergence. For (A n ) C L(Y), A £ L(Y), we will say that (A n ) 

converges to A in the strong operator topology on (Y, s), and write A n — > A, if 

(4.7) A n x 4 Ax, x e Y. 

s s 

Clearly, the S-limit is unique, that is A n — > A and A n —> B implies A = B. Hence 

also the s-limit and 'P-limit are unique, by Lemma 4.5 and Corollary 4.8 below. 
Clearly, 

(4.8) A n ^A => A n AA. 

The following lemmas explore further properties of and relationships between 
the notions of operator convergence we have introduced. We will exhibit this rela- 
tionship through Example 4.6. 

Lemma 4.5. Suppose (A n ) C L(Y), A £ L(Y). Then 

(4.9) A n A A => A n 4 A and A G S(Y). 

s 
Further, A n — > A as n — > oo iff (A n ) is bounded and P m (A n — A) — > as n —$■ oo 

for all m £ N. 

s S 

Proof. It is clear from the definitions that A n — > A implies A n —$ A. That 

s S 

A n —> A implies A £ S(Y) is shown in [26, Lemma 3.1]. That A n —> A implies 
P m (A n — A) — > is clear from (2.6), and that it also implies that (A n ) is bounded 
is shown in [26, Lemma 3.3]. Conversely, if (A n ) is bounded and P m (A n — A) — >• 
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for each m, then, for every x G Y, (A n x) is bounded and P m {A n x — Ax) — > for 
each m, so that A n x — > Ax by (2.6). ■ 

Example 4.6 Let Y, P n and the multiplication operator M b be defined as in 
Example 4.3, and suppose that (b n ) C £°° (% , L(U)) . Then, extending the results 
of Example 4.3, we see that 

M bn ^0 & \\bn\\= sup ||&„(m)||->0, 

mGZ™ 

M K 4 O sup ||6„|| < oo and ||6„(ra)|| -> 0, Vm G Z w , 

n 

M 6n A «*■ M 6n 4 

<=> sup ||6„|| < oo and ||6„(m)a;(m)|| -> 0, Vm e Z w , a; G F. 



Thus M(, n — > requires that each component of b n converges to zero in norm, while 
Mb n —> requires that each component of b n converges strongly to zero. We have 
(cf. Corollary 4.14 below) that 

M bn =t =* M bn 4 =*> M K 40o Mi,„4o ^ M K -> 0. 

V S s 

If U is finite-dimensional, then — >, — ¥ and — > all coincide. If p = oo, then — > is 
equivalent to =t. If 1 < p < oo and [/ is finite-dimensional, then — > coincides with 
->, -> and -K D 

Lemma 4.7. Suppose (A n ) C i(F) is bounded, A G S'(Y'), arwi 

||P m (A n -A)|| -^Oasn^oo 

/or eac/i m. TVien A„ — > A. 

Proof. If the conditions of the lemma hold and x n — > x then Ax n — ► Ax and, by 
(2.6), sup n ||ai n || < oo, so that (A n x n ) is bounded, and, for each m, 

\\P m (A n x n - Ax)\\ < \\P m {A n - A)x n \\ + \\P m A(x n - x)\\ -> 
as n — > oo. Thus, by (2.6), A n x n — > Ax. ■ 

As a corollary of Lemmas 4.2 and 4.7 we have 
Corollary 4.8. Suppose (A n ) C L(Y), A G S(Y). Then 
(4.10) A„ 4 A => A n A- A. 

Let us say that A C L(Y) is s -sequentially equicontinuous if 

(.An) C A, a: n A => A n X n A 0. 

Clearly, if A is s-sequentially equicontinuous, then A C <S(F). The significance 
here of this definition is the following result taken from [26] . 

Lemma 4.9. Suppose (A„) C S(Y), A G S(Y). Then A„ A A iff A n A A and 
{A n : n G N} is s-sequentially equicontinuous. 

Let us say that A C L(Y) is sequentially compact in the strong operator topology 
on (Y, s) if, for every sequence (A n ) C A, there exists A e A and a subsequence 
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(A nm ) such that A nm — > A. Then Lemma 4.9 and other observations made above 
imply the following corollary. 

Corollary 4.10. Suppose A C L{Y). Then A is s- sequentially compact iff A C 
S(Y) and A is s -sequentially equicontinuous and sequentially compact in the strong 
operator topology on ( Y, s) . 

In the case that the strict and norm topologies coincide, in which case C(Y) = 

S(Y) = L(Y), it follows from Lemma 4.5, i.e. from the uniform boundedness tile- 
s' 

orem in Banach spaces, that if (A n ) C L(Y) and A n —> A then {A n : n £ N} is 
s-sequentially equicontinuous. In the case when these topologies do not coincide, in 
which case, by Lemma 2.12, (Y, s) is not metrisable, other versions of the Banach- 
Stcinhaus theorem would apply [96, 90], if (Y,s) were a Baire space or, more 
generally, a barrelled TVS, to give that {A n : n £ N} is s-sequentially equicon- 
tinuous if A n 4 A and (A n ) C C(Y). But, by [26, Theorem 2.1], (Y,s) is not 
barrelled unless the norm and strict topologies coincide. And in fact the following 
example makes it clear that a version of the Banach-Steinhaus theorem, enabling 
equicontinuity to be deduced from continuity and pointwise boundedness, does not 
always hold for (Y, s) if the strict and norm topologies do not coincide. 

Example 4.11 Let Y be defined as in Example 2.2. For n £ N define A n £ 
L(Y) by A n x(m) = x(n), for x £ Y, m £ Z. It is easy to see that (A n ) C 
C(Y) C L(Y), and clearly \\A n \\ < 1 so that (A n ) is bounded. But (A n ) is not 
s-sequentially equicontinuous as, defining x n (jn) = l + tanh(m — n), m £ Z, n £ N, 
clearly (x n ) C Y, x n A 0, but A n x n {Q) — 1, so A n x n A 0. D 

In the case that Y satisfies an additional assumption, it is shown in [26] that a 
sequence (A n ) C S(Y) that is convergent in the strong operator topology on (Y, s) 
is s-sequentially equicontinuous. The additional assumption is the following one, 
in which Y m c Y is the subspace defined by (3.3): 

Assumption A. For every m £ N there exists n > m and Q : Y — > Y m such that 
(4.11) \\x-Qx + y\\ <max(\x\ n ,\\y\\), x£Y,y£Y n . 

That Assumption A is satisfied in some applications is illustrated by the following 
example. 

Example 4.12 Suppose that Y = BC(R N ) and P n are defined as in Example 
2.5. Then (4.11) holds with n = m + 2 and Q = Q m +i, for then \\x — Qx + y\\ = 
\\P n -iX + y\\ = max(||P„_ia;||,||y||) < max(|x|„, \\y\\), for all x £ Y and y £ Y n . □ 

Lemma 4.13. [26] Suppose that Assumption A holds and that (A n ) C S(Y), 
A £ S(Y), and A n — > A. Then {A n : n £ N} is s-sequentially equicontinuous. 

Combining Lemmas 4.13, 4.9, Corollary 4.8, and (4.8), we have the following 
result which shows that, when Assumption A holds, the convergence — > is weaker 
than both ordinary strong convergence and ^-convergence. 
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Corollary 4.14. Suppose that Assumption A holds and that (A n ) C S(Y), A € 
S(Y). Then 

A n "^ A =>■ A n > A <=> A n — > A <= A n ^ A. 



CHAPTER 5 



Key Concepts and Results 



This chapter introduces the key concepts and develops the key results of the 
text. We first recall the concepts of invcrtibility at infinity and Fredholmness and 
start to explore their inter-relation. Next, we summarise some main results from 
the abstract generalised collectively compact operator theory developed in [26] and 
from the abstract theory of limit operators [83, 85, 63]. It then turns out that 
the collection of all limit operators of an operator A £ S(Y) is subject to the 
constraints made in the operator theory of [26]. Therefore we apply this theory 
and derive some new general results which can be used to study the invertibility of 
operators and their limit operators. We will illustrate the application of the results 
of this chapter throughout the remainder of the text. 



5.1. Invertibility at Infinity and Fredholmness 

Following [85, 63] we introduce the following definition. 

Definition 5.1. An operator A £ L(Y) is said to be invertible at infinity if there 
exist operators B £ L(Y) and 71, T2 £ K(Y,V) such that 

(5.1) AB = I + T 1 and BA = I + T 2 . 

Remark 5.2 If A £ L{Y,V) then A + K(Y 1 V) is invertible in the quotient 
algebra L(Y,V)/K{Y,V) iff A is invertible at infinity with B £ L(Y,V) in (5.1). 
Rabinovich et al. [85] call A £ L(Y,V) V-Fredholm when this is the case. □ 

The following lemma gives some justification for the name 'invertible at infinity'. 

Lemma 5.3. If A £ L(Y) and (5.1) holds with B £ L(Y) and T X ,T 2 £ SN(Y) D 
K(Y,V), then there exist B[, B' 2 £ L(Y) and n £ Nq such that 

(5.2) Q n AB[ = Q n = B' 2 AQ n . 

If B £ S{Y) then we can also choose B[,B' 2 £ S(Y). If B,T U T 2 £ L{Y,V) then 
also B[,B' 2 can be chosen in L(Y,V). 

Proof. Choose m £ N large enough that ||Ti(2 m || < 1 and ||T 2 Q m || < 1, and 
take an n £ No such that Q n Qm = Qn = QmQn- From (5.1) we get Q n ABQ m = 
Q n (I + TiQ m ) and BAQ n = (I + T 2 Q m )Q ni proving (5.2) where we put B[ := 
BQ m (I + TxQ™)- 1 and B' 2 := (I + T 2 Q m )~ l B. 

The two additional claims follow immediately from the Neumann series formula 
and the fact that S(Y) and L(Y,V) are Banach subalgebras of L{Y). ■ 

45 
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Recall that A £ L(Y) is called semi-Fredholm if it has a closed range, A(Y), 
and if one of the numbers 

(5.3) a(A) := dim(ker A) and fi(A) := dhn(Y/A(Y)) 

is finite, and that A is called Fredholm if both a(A) and /3(A) are finite (in which 
case its range is automatically closed) . In the latter case the index of A is defined 
as a(A) - /3(A). 

The following theorem shows that, in some important cases, invertibility at 
infinity implies Frcdholmness. Since / £ S(Y), one possible choice of C in this 
statement is C = I. 

Theorem 5.4. Suppose A = C + K, where C € L(Y) is invertible, with C _1 £ 
S(Y), and K £ S(Y) f\M(Y). Suppose further that (5.1) holds with B £ L(Y) and 
Ti,T 2 £ SN(Y). Then A is Fredholm. 

Proof. We have from (5.1) that CB + KB =I + T U BC+ BK = I + T 2 , so that 

B = C- 1 (I + T 1 -KB), B = (I + T 2 -BK)C~ 1 . 
Using the first of these equations we see that 

AC~ l (I-KB) = (I + KC~ l )(I-KB) = I - KC~ x Ti, 
and note that KC _1 Ti £ KS(Y) by Lemma 3.31, and thus 

(5.4) AC- X (I - KB)(I + KC^Ti) =1- (KC^Ti) 2 , 
with (KC- 1 ^) 2 e K(Y) by Lemma 3.31. Similarly, 

(5.5) (I - BK)C~ X A = (I - BK)(I + C^K) = 1- T^C^K 

with T 2 C~ 1 K G K(Y) by Lemma 3.31. We have constructed right and left regu- 
larisers for A, so A is Fredholm. ■ 

The following is a corollary of the above result and Lemma 3.19. The last 
sentence follows from the observation that A — I + (A — I) and that P n (A — I) € 
K(Y) if A e L(Y) and P„ e if(F). 

Corollary 5.5. If A £ L(Y) is invertible at infinity and A = I+K, with K £ S(Y) 
and P n K g K(Y) for every n, then A is Fredholm. In the case that P n € K{Y) for 
all n, A £ S(Y) is Fredholm if it is invertible at infinity. 

In the case that V is perfect we will see in Lemma 5.13 that, conversely, Fred- 
holmncss implies invertibility at infinity. We will, in Chapter 6, also establish this 
result for the case Y = £ P (Z , 17), for p = 1, oo, and a Banach space U, in which 
case V is not perfect. 

5.2. A Generalised Collectively Compact Operator Theory 

Following [26, Section 4], we let iso(Y) denote the set of isometric isomorphisms 
on Y and call a set S C iso(Y) sufficient if, for some n £ N it holds that, for every 
x £ Y there exists V £ S such that 2 | Va;| n > ||x||. The following examples illustrate 
this definition: 
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Example 5.6 Let Y = BC(R N ) and V as in Example 2.5. Then both S\ = 
{Vk : k £ R^}, where 14 is the translation operator 

V k x(s) =x(a-k), seR N , 

and 5 2 = {*fe : A; € N}, where 

^kx(s) = x{ks), s£R N , 

are sufficient families of isometric isomorphisms on Y where we can choose n = 1 
in both cases. □ 

Example 5.7 Let Y = L P (R N ) and V as in Example 2.4. If p = oo then both 
S\ and ^2 from Example 5.6 arc sufficient with n — 1 for instance. 

If p < oo then neither Si nor 52 is sufficient. Although it is true that for every 
x £Y there are n £ N and Vk £ Si such that 2 |Vfex| n > ||a;||, there is no universal 
n £ N which is large enough to guarantee this property for all x £ Y. □ 

We say that an operator A £ L(Y) is bounded below if 

u(A) := inf ||Ar|| > 0. 

IMI=i 

In that case, we refer to v(A) as the lower norm of A. 

A £ L(Y) is bounded below iff A is injective and has a closed range. Indeed, 
necessity is obvious and sufficiency follows from Banach's theorem on the inverse 
operator saying that A^ 1 : A(Y) — > Y acts boundedly on the range of A if that is 
closed. Another elementary result on the lower norm is that it depends continuously 
on the operator; in particular, we have 

(5.6) \v{A)-v{B)\ < \\A-B\\ 

for all A, Be L(Y). 

If A is invertible then A is bounded below and v{A) — 1/||j4 _1 ||. We will say 
that a set A C L(Y) is uniformly bounded below if every A £ A is bounded below 
and if there is a v > such that v{A) > v for all A £ A, that is 

\\Ax\\ > v\\x\\, A£A 7 x £Y. 

For K C L(Y), we abbreviate the set {I - K : K £ JC} by I - JC. 

In the following theorem we use the notation IC X to denote the set of all sub- 
sequences of sequences (Ki,K 2 , ■■■) £ K-i x /C 2 x • • • for a fixed family of sets 
K\, K.2, ■■■ C L(Y). This theorem is a slight strengthening of Theorems 4.1 and 4.4 
in [26] (in [26] the condition (5.7) has '/ — K n bounded below' replaced by the 
weaker '/ — K n injective'), but an examination of the proof of Theorem 4.4 in [26] 
shows that this slightly stronger result follows by exactly the same argument. 

Theorem 5.8. Suppose that Y — Y , S C iso(Y) is sufficient, /C,/Ci, AC2, ... C 
L(Y), and that 

(i) U„>i/C„ is uniformly Montel on {Y,s); 

(ii) for every sequence (K n ) £ /C x . there exist a subsequence (i^„( m )) and 

K £ K, such that K n i m ) — > K as m — >• cxj; 
(iii) for all n £ N, it holds that V~ l KV £ K n for all K £ K. n and V £ S; 
(iv) I — K is injective for all K £ K. 
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Then: 

a) There is an no G N such that I — U„> no /C n is uniformly bounded below, i.e. 
there is a v > such that 

\\{I - K)x\\ > v\\x\\, K €K n , n>n , xe Y; 

b) If, in addition, for every K € K,, there exists a sequence (K n ) G /C x such 
that K n — > K and all operators I — K n have the property 

(5.7) I — K n bounded below =>■ I — K n surjective, n = 1, 2, ... 

then all operators in I — K are invertible, and 

sup ||(7 -i<Q _1 || < v- 1 . 
KeK 

The following special case of the above theorem, obtained by setting K,\ = K,i = 
■ ■ ■ = K in Theorem 5.8 is worth noting. We will say that a subset A C K. C L(Y) 
is s-dense in K, if, for every K S /C, there is a sequence (-Kn) C .4 with iT n — > if. 

Theorem 5.9. [26, Theorem 4.5] Suppose that Y — Y, S C iso(Y) is sufficient 
and K, C L(Y) has the following properties: 

(i) K, is uniformly Montel on (Y, s); 

(ii) K, is s- sequentially compact; 

(hi) V- X KV G /C for all K G /C, V G 5; 

(iv) I — K is injective for all K G /C. 

T/ien; 

a) T"/ie sei I — K, is uniformly bounded below; 

b) i/m /— /C t/iere is an s-dense subset of surjective operators then all operators 
in I — K, are surjective. 

Note that in statement b), as in Theorem 5.8, all operators in / — /C are conse- 
quently invertible, and their inverses are uniformly bounded by 1/v where v > is 
a lower bound on all lower norms v(l — K) with K G K, which exists by a). 

5.3. Limit Operators 

Following [85, Section 1.2], let N G N and V = {Vk}kez N denote a group of 
linear isometries on Y which are subject to 

(5.8) V = I and V k V m = V k+m , k,meZ N . 
Moreover, we impose that V is compatible with V in the following sense: 

(5.9) Vm, n G N 3k G N : P m V k P n = if \k\ > k Q 
and 

(5.10) Vm G N, k G Z N 3n GN: P m V k Q n = = Q n V k P m if n > n . 

Definition 5.10. [85] We will say that a sequence h — {h(n))^ =1 C 1 N tends to 
infinity if \h(n)\ — > oo as n — > oo. If h tends to infinity and A G L(Y) then 

Ah ■= V- lim V_ h (n)AV h ( n ) 
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1<) 



is called the limit operator of A with respect to the sequence h, provided the V— limit 
exists. 



From what we know about V— convergence it follows that the limit operator Ah is 
unique if it exists. 

The operator spectrum a op (A) := {Ah} (see e.g. [63, 85]) is the collection of all 
limit operators of A where h C Z N runs through all sequences tending to infinity 
such that Ah exists. For certain operators A, invertibility at infinity, as specified in 
Definition 5.1, can be characterised in terms of properties of the operator spectrum 
(see Theorem 6.28 below). In turn, as we have seen in Corollary 5.5, for a large class 
of operators invertibility at infinity implies Fredholmness, so that Fredholmness can 
be determined by studying the operator spectrum; indeed, in some cases it is known 
that the operator spectrum also determines the index ([81], [82], [85, Section 2.7], 
[63, Section 3.3.1]). To establish the most complete results we need to restrict 
consideration to rich operators, where A £ L(Y) is referred to as a rich operator if 
every sequence h C Z N tending to infinity has an infinite subsequence g such that 
the limit operator A g exists. 

Example 5.11 Let Y = £°° and define V as in Example 2.2. Define V = 
{V k } ke z C L(Y) by 

Vkx(m) = x(m — k), m £ Z. 

Then (5.8)-(5.10) hold for every k > m + n and n Q > m + k. For b e i°° let 
Mb £ L(Y) denote the multiplication operator defined by 

Mi,x(m) = b(m)x(m), meZ. 

For S C Z let xs £ (°° denote the characteristic function of S. Define a £ £°° by 



M a . Then, where 



aim) := [v \tn\ Jmod2, m £ Z, 
where \_s\ < s denotes the integer part of s, and set A 

B ■= {X{n,...,+oo}, X{-oo,...,n} '■ n <= ^} i 



For example, if h(n) 



a° p (A) = {0,I,M b :b£B}. 
An 2 + 3. then 




FIGURE 5.1. Functions a (top) and b = \{- 



_4\ (below) from Example 5.11. 
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V- lim V- h (n)AV h r n ) = M b 

where b := X{—oo,... -4} ( see Figure 5.1). The operator A is rich; this can be seen 
directly or by applying Lemma 6.21 below. □ 

The following theorem summarises and extends known results on the operator 
spectrum o~° p {A) and on the relationship between A and its operator spectrum. 
Statements (i) and (ii) are from [83], (hi) and (iv) are from [85] and statements 
(v)-(vii) go back to [61, Section 3.3] and can also be found in [85, Section 1.2]. 
(Note that the proofs of (iii)-(vii) given in [61, 85] work for all A £ L(Y), although 
the results state a requirement for A £ L(Y,P) or make a particular choice of Y, 
and note also that (iv) is immediate from (ii) and (iii) and that (vii) is immediate 
from (ii), (v) and (vi), see [20].) Thus we include only a proof of (viii) and (ix), in 
which Y C Y is as given in Chapter 2. 

For brevity, we introduce the notation 

(5.11) T(A) := {V_ k AV k :keZ N } 
for the set of all translates of an operator A £ L(Y). 

Theorem 5.12. For every A £ L(Y), the following statements hold. 

(i) IfB £ a op (A) then \\B\\ < \\A\\. 

(ii) If B £ a op {A) and k £ Z N then also V- k BV k £ a op {A). 
(iii) o~ op (A) is sequentially closed with respect to V— convergence. 
(iv) If B £ a op {A) then a op {B) C a° p {A). 

(v) A is rich iffT{A) is relatively V— sequentially compact. 
(vi) If A is rich then o~ op (A) is V— sequentially compact. 
(vii) If A is rich and B £ o~° p (A) then B is rich. 

(viii) If B £ a op (A) then \\Bx\\ > u(A)\\x\\ for x £ Y , so that v{B) > u{A) if 
Y = Y . 
(ix) If B £ (j° p (A) n L(Y,V) is invertible then v{B) > v(A). 

Proof, (viii) If B £ a° p (A) then B = Ah for some sequence h c Z N . For m £ N 
and every x £ Y we have that 

\\V- h(n) AV h{n) P m x\\ = \\AV h(n) P m x\\ > v(A)\\\\V h{n) P m x\\ = v{A)\\P m x\\. 

Since V-h(n)AV-h(n) ~^ B, taking the limit as n — > oo we get 

||-BP m a:|| >y{A)\\P m x\\. 
For x £ Yq we have, by Lemma 2.7, that P m x — > x as m — ¥ oo, so the result follows, 
(ix) For m, n £ N and x £ Y, 

WPmB^xW < HP^B^QnXll + IIP^^PnasH 

(5.12) < HP^p-^xll+IIP-'Pnxll. 

As L(Y,P) is inverse closed [85, Theorem 1.1.9], we have that B^ 1 £ L(Y,P), so 
that HPm-B^Qfcll — > and ||<3/c-B -1 P n || — > as k — > oo, the latter implying, by 
Lemma 2.7, that B~ 1 P n x £ Yq. Thus from (5.12) and (viii) we have that 

< vMWPnB^QnXW + WPnXW. 
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Taking the limit first as n — > oo and then as m — > oo, noting (2.2), we get that 
i/(A)||.B _1 2;|| < \\x\\. We have shown that v(,A)||y|| < \\By\\, for all y £ Y, as 
required. ■ 

Within the subspace L(Y,V) of L(Y), for every fixed sequence h tending to 
infinity, the mapping A i-> Ah is compatible with all of addition, composition, 
scalar multiplication and passing to norm-limits [83]. That is, the equations 



(A + B) h = A h + B h , (AB) h = A h B h , 



(5.13) (XA) h = XA h , ( lim A™) 



lim A h m) 

71— >00 



hold, in each case provided the limit operators on the right hand side exist. By 
definition, L(Y,V) is a subalgebra of L(Y). By Lemma 3.10, (5.10) implies that 
V C L(Y,P). Thus, if A £ L{Y,V) then T(A) C L(Y,T), so that a op (A) C L(Y,V) 
by Lemma 4.4. Similarly, since by Lemma 3.32, S(Y) D L(Y,V) is a subalgebra of 
L(Y), if A £ S(Y) then V_ k AV k £ S(Y) for all k £ Z N , so that a op (A) c S(Y) 
by Lemma 4.4. As a consequence of (5.13) together with a diagonal argument to 
see the closedness, the set of rich operators A £ L{Y,V) is a Banach subalgebra of 
L(Y,V). 

We have at this point introduced all the main concepts that we will use in 
the rest of the text. The remainder of the text will in large part be focussed on 
establishing relationships between the following properties of an operator A £ L(Y) 
for important operator classes: 

(a) A is invertible. 

(b) A is Fredholm. 

(c) A is invertible at infinity. 

(5.14) (d) All limit operators of A are invertible and the 

inverses are uniformly bounded. 
(c) All limit operators of A are invertible. 
(f) All limit operators of A are injective. 

Clearly, it always holds that (a)=>(b) and that (d)=>(e)=>(f). In the case that V is 
perfect (Definition 3.14) we have also the following result. 

Lemma 5.13. IfV is perfect then, for all A £ L(Y), (b)=$>(c)=^(d). 

Proof. That (b)=>(c) follows from Lemma 3.15. That (c)=^(d) follows as in the 
proof of [85, Proposition 1.2.9] noting that this proof applies word for word with 
L(Y, V) replaced by L(Y), provided that we also replace '"P-Fredholm' by 'invertible 
at infinity'. ■ 

Thus we see that (a)=>(b)=>(c)=>(d)=>(e)=>(f) in the case that V is perfect. 
Much of the remainder of the text will be concerned with establishing these impli- 
cations also in cases when V is not perfect, and in investigating the converse. In 
particular, we will see in the next section that the generalised collectively compact 
operator theory introduced in the last section sheds some light on the relationships 
between (d), (e) and (f). Further, we have met in Section 5.1 conditions on A which 
ensure that (c)=>(b). 
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One case in which the connection between the properties (5.14) is evident is 
the case in which A is self-similar. Here, following [20] call A £ L(Y) self-similar if 
A £ <t° p (A) and, generalising [72], call A £ L(Y) recurrent if, for every B £ a° p (A), 
it holds that a° p (B) — er op (^4). It is immediate from these definitions and Theorem 
5.12 (iv) that if A is recurrent then all limit operators of A are self-similar and 
recurrent. In the case when A is self-similar, the following relationship between the 
properties (5.14) (a)-(e) of A is immediate from the definitions and Lemma 5.13. 

Corollary 5.14. IfV is perfect and A £ L(Y) is self-similar then all of (a)-(e) in 
(5.14) are equivalent. 

That self-similar operators exist, indeed are ubiquitous, is clear from the fol- 
lowing lemma. For completeness, we include the proof which is a variation on the 
proof of [20, Proposition 3.7]. Proposition 3.7 in [20] is the same statement as 
Lemma 5.15, but proved only for the special case when Y = £ P (Z,U), for some 
p £ [1, 00] and some Banach space U. 

Lemma 5.15. If A £ L(Y) is rich then some B £ a° p (A) is self-similar and 
recurrent. 

Proof. If B £ a op (A) then a op {B) C a op {A) (Theorem 5.12 (iv)) and a op {B) is 
non-empty since, by Theorem 5.12 (vii), B is rich. Further, if B is recurrent then 
every C £ a op (B) C a op (A) is recurrent and self-similar. Thus it is enough to show 
that there exists a B £ a op (A) which is recurrent. 

Let 

A := { a op (B) : B £ a° p (A) }. 

By Theorem 5.12 (iv) this is a partially ordered set, equipped with the order 'D'. 
Note further that a° p (B) is a maximal element in this partially ordered set iff B 
is recurrent. So it remains to show the existence of a maximal element. But this 
follows from Zorn's lemma if we can show that every totally ordered subset of A 
has an upper bound. 

So let B be a totally ordered subset of A, i.e. 

B = { a° p (B) : B £ a } 

where a C a° p (A) is such that, for any two Bi,B 2 £ a, we either have a op (Bi) D 
o-° p {B 2 ) or a op (B 2 ) D o- op (Bi). On X := <r op (A) define the following family of 
seminomas. Let 

ftto-i(T) := \\P n T\\, Q 2n (T) := \\TP n \\, 

for n = 1,2, ... and every T £ X, and denote the topology that is generated on 
X by {q\, Q2, ■■■} by T. Note that, since T is generated by a countable family 
of seminorms, the topological space (X, T) is metrisable, so that sequential com- 
pactness in (X, T) coincides with compactness. Further, by Lemma 4.2 and since 
(Theorem 5.12(i)) ||T|| < \\A\\ for every T £ X, convergence in (X,T) is equivalent 
to V— convergence in X. Therefore, by Theorem 5.12(vi)-(vii), X itself and all 
elements of B are compact sets in (X, T) . 

Now put £ := r\BecrO-° p (B) = flcesC. It follows, since B is totally ordered 
and each element of B is compact (see the proof of [20, Proposition 3.7] for details) 
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that E is non-empty. But clearly, by Theorem 5.12 (iv) again, for every T G E, 
a° p (T) € A is an upper bound of the chain B. ■ 

We will see an application of this lemma, taken from [20] , at the end of Section 
6.3, and we will meet concrete examples of self-similar operators in Section 6.1 and 
Chapter 7. 

5.4. Collective Compactness and the Operator Spectrum 

We continue to suppose that V satisfies the constraints (5.8)-(5.10) introduced 
in Section 5.3. This being the case, Theorem 5.12 shows how nicely the operator 
spectrum fits the conditions made on the set K. in Theorem 5.9 if we put S := V. 
Indeed, property (hi) of Theorem 5.9 is then guaranteed by Theorem 5.12 (ii). More- 
over, if the operator under consideration is rich and in S(Y) then, by Theorem 5.12 
(vi), its operator spectrum is V— sequentially compact, and hence s— sequentially 
compact by Corollary 4.8 (recall that we have just seen after Theorem 5.12 that if 
A e S(Y) then a op (A) C S(Y)). 

Bearing in mind these observations, we now apply Theorem 5.9 to the operator 
spectrum of an operator A 6 L(Y). We set K := I — A and apply Theorem 5.9 
with 

K := c7 op (K) = I-a op (A) so that I-K. = (T° P (A), 
noting that K is rich iff A is rich. 

Theorem 5.16. Suppose Y — Y, A = I — K € S(Y) is rich, V is sufficient, 
<j op {K) is uniformly Montel on (Y, s), and all the limit operators of A are infective. 
Then a op (A) is uniformly bounded below. If, moreover, there is an s-dense subset 
of surjective operators in o~ op (A) then all elements of a op (A) are invertible and their 
inverses are uniformly bounded. 

We can express the condition that a° p (K) be uniformly Montel on (Y, s) more 
directly in terms of properties of the operator K. This is the content of the next 
lemma, for which we introduce the following definition: call a sequence (Ak)ke.z N C 
L(Y) asymptotically Montel on (Y,s) if, for every sequence h = (h(n))^ D =1 C Z w 
tending to infinity and every bounded sequence (x n ) C Y, it holds that A^tjAXn 
has a strictly converging subsequence. 

Lemma 5.17. If K £ L(Y) and the sequence (V-kKVk)kew. N * s asymptotically 
Montel on (Y,s), then a° p (K) is uniformly Montel. Conversely, if K is rich and 
<j op {K) is uniformly Montel then (V-kKVk) kez N * s asymptotically Montel. 

Proof. Suppose (V-kKVk)k^z N is asymptotically Montel and pick any sequence 
(ivT n ) ne N C a op (K). Then, by definition of the operator spectrum and V— conver- 
gence, for every n GN we can find h(n) £ Z N with |/i(n)| > n and 

(5.15) \\P k {K n - V^ h{n) K n V h{n) )\\ <-, l<k<n. 

Now choose any (x n ) C Y with ||x„|| < 1. Then, as (V-kKVk)kez N 1S asymptot- 
ically Montel and h tends to infinity, V^h^KnVhin^n has a strictly convergent 
subsequence. On the other hand, by (5.15), 

Pk(K n - V_ h ( n) K n V h ( n) )x n -> 0, n -> oo, 
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for each k G N, so that (K n ~ V-h( n )K n Vh( n ))Xn — > by (2.6). Thus K n x n has 
a strictly convergent subsequence, so that, by Remark 3.23, a° p (K) is uniformly 
Montel. 

Conversely, suppose that K is rich and a° p (K) is uniformly Montel. Take an 
arbitrary sequence h = (h(n)) ( ^L 1 C Z w which tends to infinity and an arbitrary 
bounded sequence (x n ) C Y. Since K is rich, (h(n)) and (x n ) have subsequences, 

denoted again by (h(n)) and (x n ), such that V-h( n )KVh( n ) ~^ Kh G cr op {K). Thus 

Pk(V-h(n)KV h ( n ) - K h )x n -> 0, n -> oo, 

for each A; G N, so that (VL-ft(n)-K'V/j( n ) — Kh)x n —> 0. On the other hand, KhX n has 
a strictly convergent subsequence since Kh is Montel. Thus V-h( n )KVh{n) x n has a 
strictly convergent subsequence. ■ 

Remark 5.18 Note that, clearly, (V_fcAV4) feeZ iv is asymptotically Montel iff 
(V-kK) ke zN is asymptotically Montel since V = {Vk}kez N C iso(F). □ 

An extension of Theorem 5.16 can be derived by applying Theorem 5.9 to 

K := a op (K) U T(K), 

with T(K) defined by (5.11), so that I - K, = a op (A) U T(A). Properties (ii) and 
(iii) of Theorem 5.9 can be checked in a similar way as before. Property (i) of 
Theorem 5.9, that K, is uniformly Montel on (Y, s), is equivalently characterised by 
any of the properties (i)-(iii) of Lemma 6.23 below, which are equivalent even for 
arbitrary K £ L(Y). Note that, for a rich operator K, by Lemma 5.17, any of these 
properties is moreover equivalent to a° p {K) being uniformly Montel on (Y,s) and 
K e M(Y). Then we get the following slightly enhanced version of the first part of 
Theorem 5.16, which in addition allows to conclude from A being injective to the 
closedness of the range of A. 

Theorem 5.19. Suppose Y — Y , A = I — K G S(Y) is rich, V is sufficient, K is 
subject to any of (i)-(iii) of Lemma 6.23, and A as well as all its limit operators 
are injective. Then A is bounded below and o~ op (A) is uniformly bounded below. 

Note that Theorems 5.16 and 5.19 are applications of Theorem 5.9 which was 
just a special case of Theorem 5.8. We will now apply Theorem 5.8 directly. 

Theorem 5.20. Suppose that Y = Y , V is sufficient, A = I - K G L(Y), A n = 
I - K n G L(Y) for n G N and that: 

(a) A n A A; 

(b) A n bounded below => A n surjective, for each n G N; 

(c) U„ eN T(A„) = {V-kK„Vk ■ k G Z N , n G N} is uniformly Montel on (Y, s); 

(d) there exists a set B G L(Y), such that, for every sequence (k(m)) C Z N 
and increasing sequence (n(m)) C N, there exist subsequences, denoted 
again by (k(m)) and (n(m)), and B G B such that 

V- k ( m )A n { m) V k ( m) A BeB as m -t oo; 

(e) every B G B is injective. 

Then A is invertible and, for some no G N, A n is invertible for all n > uq, and 

WA-'W < sup \\A~ l \\ <oo. 

n>no 
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Proof. Let K n := T(K n ), n £ N, and set JC := I - B, S := V. Then (c) and (d) 
imply that conditions (i)-(iv) of Theorem 5.8 are satisfied, and (a) and (b) imply 
that the condition in Theorem 5.8 b) is satisfied. Thus, applying Theorem 5.8, the 
result follows. ■ 

Later on, in Chapter 6, this result will be used to derive Theorem 6.37 on the 
invertibility of norm-rich/almost periodic band operators. As described at the end 
of Section 6.3, this result has also been used to prove Propositions 3.4 and 3.8 in 

[20]. 

Remark 5.21 Note that condition (a) in the above theorem implies that 
A £ S(Y) by Lemma 4.5. Moreover, from condition (d) with k(m) = for all 
m € N and condition (a) again we get that A £ B. Since A £ S(Y) it holds that 

<j° p (A) c S(Y) (see discussion at the end of Section 5.3); if also A n — > A then 
condition (d) also implies that a° ? (A) C B. To see this last claim, suppose that 

A £ o-° p (A). Then there exists (k(m)) C Z N such that V_ k ( m )AV k ( m ) -?• A which 
implies, in particular, that ||-Pj(^4 — Vlfc( m ).AVfc( m ))|| — > as m — >• oo, for every 
j. Choose the sequence (l{m)) C N such that P n V-k(m)Pl(m) = PnV-k( m ), for 
n = 1, ..., to, which is possible by (5.10). Then 

\\Pj(A - V_ k{m) AV k{m) )\\ = \\Pj(A - V_ k{m) P l{m) AV k{m) )\\ 

for all j and all m > j. Since A n — > A, for every m we can choose n(m) such that 
\\Pl(m)(Ai(m) - A)\\ < to -1 . Then 

\\Pj(A - Vl fe ( m )74„( m )V fe ( m ))|| = \\Pj(A - V-k(m)Pl(m)An(m)Vk(m))\\ ~> 

as to — > oo, for every j, so that, by Lemma 4.7, V^ k ^ m ^A n ^ m ^V k ^ m ) — > A, and so 

ieB. n 

In the case that A = I — K with K £ S(Y) n M(F), one particular choice of 
A n which satisfies (a) and (b) is 

A n = I-KP n . 

For, by Lemma 3.21, KP n £ KS{Y) for every n so that, by a version of Riesz 
Fredholm theory for TVS's (see e.g. [90]), assumption (b) holds. Further, by 
Corollary 3.5, for every m, 

\\P m (A n -A)\\ - \\P m KQ n \\ ->> 0, n->oo 

so that, by Lemma 4.7, A n A A. Further, if T(K) = {V_ k KV k : k £ Z N } is uni- 
formly Montel on (Y, s), then so is {V- k K : k £ Z N } and hence also {V- k KP n V k : 
k £ Z N ,n 6N} = (J neN T(KP n ). Thus Theorem 5.20 has the following corollary. 

Corollary 5.22. Suppose that Y =Y,V is sufficient, A = I - K with K £ S(Y), 
and set A n = I — KP n for n £ N. Suppose that T(K) is uniformly Montel on 
(Y,s), and that there exists B C L(Y) such that every B £ B is infective and 
for every sequence (k(m)) C 1 N and increasing sequence (77(777)) C N, there exist 
subsequences, denoted again by k(m) and n(m), and B £ B, such that 

I - V-k(rn)KP n ( rn )V k ( m ) -» B £ B. 

Then A is invertible and, for some uq £ N, A n is invertible for all n > uq, and 

p- 1 !^ SU p ik 1 !! < co. 

n>riQ 
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Remark 5.23 We note, by Remark 5.21, that, necessarily, Ae B and a op (A) C 
B. □ 

More concrete statements than Theorems 5.16, 5.19 and 5.20 can be given when 
we pass to a more concrete class of spaces Y. This is what we do in Chapter 6. 



CHAPTER 6 



Operators on £ P {Z N ,U) 



In this chapter we focus on the case, introduced already briefly in Example 4.3, 
when Y — £ P (Z N , U), where l<p<oo,iVGN and U is an arbitrary complex 
Banach space. The elements of Y are of the form x — (x(m)) m€Z N with x(m) G U 
for every to = (mi, ...,mjv) G Z . We equip y with the usual £ p norm of the 
scalar sequence (||x(m)||t/)- We also consider the case when Y = cq(Z n ,U), the 
Banach subspace of £°°(Z N ,U) consisting of the elements that vanish at infinity, 
i.e. ||x(m)||{/ — > as to — > oo. 

Since the parameter N G N is of no big importance in almost all of what 
follows, we will use the abbreviations Y°(U) := c (Z N , U) and Y P (U) := £P(Z N , U) 
for 1 < p < oo. If there is no danger of confusion about what U is, we will even 
write Y° and Y p . Some of our following statements hold for all the spaces under 
consideration. In this case we will simply write Y, which then can be replaced by 
any of Y° and Y p with 1 < p < oo. 

In terms of dual spaces, we have (Y°(U))* S F 1 ([/"*), (Y 1 ^))* S y°°(C/*) ; 
and (y p (!7))* = Y q {U*) for 1 < p < oo and 1/p + 1/q = 1 (see e.g. [95]). 
To give two prominent examples, the space Y P (C) is the usual £ p or cq space of 
complex-valued sequences over Z N , and the space Y P (L P ([0,1] N )) is isometrically 
isomorphic to L P (M. N ) for 1 < p < oo; see Chapter 8 or [54, 85, 63] for a more 
detailed discussion of this isomorphism. 

For to G Z N , we define \m\ := max(|mi|, ..., |mjv|) and put 

, . / x(to), |to| < n, 
v ; \ 0, \m\ > n, 

for every x £ Y and n G No. As observed already in Example 4.3, V = (P n ) satisfies 
conditions (i) and (ii) of Chapter 2 with N{m) = m, so that P n is a projection 
operator for each n. In this case ||Q n || = 1 for all n. For p G {0} U [1, oo), we have 
(Y p ) = Y p , while (r°°)o = Y°. Moreover, for p G [l,oo], we have Y~ p = Y p (cf. 
Example 2.8), whereas Y~° = Y°°. 

In the setting of this chapter we have the following refinement of Lemma 3.13. 

Lemma 6.1. The following two statements hold. 

(i) J/pG{0}U(l,oo) thenK{Y p )<zK{Y p ,V). 
(ii) If U is finite- dimensional then K(Y,V) C K(Y). 

Proof, (i) Let p G {0}U (1, oo). Then P n -> / as well as P* -)• I*, on y^ and (y p )*, 
respectively, as n — > oo, i.e. V is perfect. Thus if(y p ) c K(Y P ,V) by Lemma 3.15. 

57 
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(ii) If dim?/ < oo then P n E K{Y) for all n, and, by Lemma 3.13, we get 
K(Y,V) = L(Y,P)nK(Y)c K{Y). m 

Remark 6.2 From Lemma 6.1 and (5.1) we conclude another result, in addition 
to Theorem 5.4 and Corollary 5.5, which relates Fredholmness to invertibility at 
infinity in the setting of this chapter: For an arbitrary operator A E L(Y P (U)), 
Fredholmness implies invertibility at infinity if p E {0} U (l,oo), and invertibility 
at infinity implies Fredholmness if dimC/ < oo. □ 

If we moreover put, for x E Y, 

(6.1) Vkx(m) := x(m — k), meZ 

for every k E T, N , then the family V = {Vfc} feGZ w consists of isometric isomorphisms 
on Y and satisfies conditions (5.8)-(5.10) so that it is compatible with V . 

In the case p — oo (but not if 1 < p < oo) the family V = {Vk}kez N is sufficient 
(see Example 5.7). Thus each of Theorems 5.16, 5.19, 5.20 and Corollary 5.22 
can be applied in the case Y = Y°° . Note also that for Y°° Assumption A of 
Chapter 4 holds with Q = Q m and n = m + 1 so that Corollary 4.14 applies and 
that therefore the convergence — > can be replaced by the formally weaker notion 

— > of convergence in the strong operator topology on (Y°°,s), defined by (4.7). 
Applying Theorem 5.16, for example, we have the following result in which we say 
that a subset A C fC C L(Y°°) is S— dense in K, if, for every K € K, there is a 

sequence (K n ) C A with K n — » K. 

Theorem 6.3. Suppose A = I — K E S(Y°°) is rich, a° p (K) is uniformly Montel 
on (Y°° , s), and all the limit operators of A are injective. Then o~ op (A) is uniformly 
bounded below. If, moreover, there is an S-dense subset of surjective operators in 
a° p (A) then all elements ofa op (A) are invertible and their inverses are uniformly 
bounded. 

Remark 6.4 We have seen in Lemma 5.17 that a° p (K) is uniformly Montel 
on (Y°°, s) iff the sequence (VLk,KVk)kez N i s asymptotically Montel. If the Banach 
space U is of finite dimension, then the condition that a op {K) be uniformly Montel 
on (Y°°,s) is even redundant. For U finite-dimensional implies that P n E K(Y°°) 
for all n, so that a op (K) is uniformly Montel by Corollary 3.25 and Theorem 5.12 

«■□ 

6.1. Periodic and Almost Periodic Operators 

With regard to Theorem 6.3 we remark that we know of no examples where 
the requirement for an S— dense subset of surjective operators is not redundant. 
Precisely, in all the examples we have studied existence of an S— dense subset of 
a op (A) of surjective operators can be deduced from injectivity of all the elements 
of a° p (A). To illustrate Theorem 6.3 we present next an important example of this 
type in which even invertibility of A (on Y°°) follows from injectivity of all limit 
operators of A. We will present further examples in sections 6.3 and 6.4. 

To introduce this example we require the following definitions. Recall from 
Theorem 5.12 (v) that A E L(Y) is rich iff the set T(A) of all translates of A 
(recall (5.11)) is relatively V— sequentially compact. Now call A E L(Y) norm-rich 
or almost periodic if the set T(A) is relatively compact in the norm topology on 
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L(Y) (this is precisely the definition of an almost periodic operator in Kurbatov 
[52]). Call A G L{Y) absolutely rich or periodic if every sequence in T(A) has a 
constant subsequence, i.e. iST(A) is a finite set. It is easy to establish the following 
characterisation. 

Lemma 6.5. An operator A G L(Y) is absolutely rich/periodic iff there exist 
mi, ..., m^v G N such that 

VA = AV for all VeV A := {F m . eW) }f =1 

with e^ 1 ', ..., e( N > denoting the standard unit vectors in M. N , i.e. e^'(i) = 1 if i = j 
and = otherwise. 

Example 6.6 For b = 0(m)) meZ « g £°°(Z n ,L(U)) = Y°°(L(U)) define the 
multiplication operator Mb G L(Y), as in Example 4.3, by equation (4.4). Then, 
for k G Z N , 

(6.2) V-. k M h V k = M v _ k h and ||M 6 || = ||6||. 

From these identities and (4.5), it is immediate that M& is rich iff the set 

(6.3) {V k b} kezN 

is relatively sequentially compact in the strict topology on Y°°(L(U)). It can be 
shown moreover [85, Theorem 2.1.16] that this is the case iff the set {b(m) : m G 
Z N } is relatively compact in L(U). Also, it is clear from (6.2) that Mb is norm 
rich iff the set (6.3) is relatively compact in the norm topology on Y°°(L(U))\ it is 
usual to say (cf. Example 2.10 and [63, Definition 3.58]) that b is almost periodic 
if this condition on b holds. The set of all almost periodic sequences b G Y°°(Z) 
with a Banach space Z shall be denoted by Y£p(Z). 

Similarly, Mj, is absolutely rich/periodic iff every sequence in (6.3) has a con- 
stant subsequence, i.e. iff (6.3) is finite. By Lemma 6.5 this is equivalent to the 
requirement that there exist mi, ..., m^ G N such that 

b(k + mj e {j) ) = b{k), k G 1 N , j = 1, ...,7V, 

i.e. to the requirement that b(k) is periodic as a function of each of the components 

of keZ N . □ 

Suppose that A G L(Y°°) is absolutely rich/periodic. For n G N, let 

(6.4) y„°° = Y™(U) := {xeY°°(U) :V n x = xioral\Ve V A } 

with Va a s defined in Lemma 6.5. Then Y£° is a closed subspace of Y 00 consisting 
of periodic elements; x G Y£° iff 

x{k + nm j e (J) ) = x(k), k e Z N , j = 1, ...,7V, 

where the integers mi, ..., ttt-at are as in the definition of Va in Lemma 6.5. Clearly, 
x G Y£° is determined by its components in the box 

C n := {z-(ii,...,z A r)GZ Ar :-n^ <z, <n^, j = l,...,7V}. 

Define the projection operator P n : Y°° —¥ Y£° by the requirement that 

(6.5) P n x{k)=x{k) for all k G C n . 
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Then, clearly, for each n, P n Qj — for all sufficiently large j, so that P n £ SN(Y° C ) 
by Lemma 3.3. (Note however that P„ <£ L(Y°°,T).) 

The last part of the following result and its proof can be seen as a generalisation 
of Theorem 2.10 in [23] 

Theorem 6.7. If A £ L(Y°°) is absolutely rich/periodic then A(Y£°) C Y£° for 
each n, and 

(6.6) ct°?(A) = {V-iAVi :i€Z N } = {V^AV, : $ € C x ). 

If also A = I + K with K £ S(Y°°)nM(Y°°) and A is injective then A is invertible. 

Proof. If x e F r f° then Ax £ F n °° since V n {Ax) = AV n x = Ax for every V £ V A - 
From the definitions and Lemma 6.5 it is clear that (6.6) holds. Suppose now that 
K £ S{Y co )r\M{Y° a ) and that A = I + K is injective. First we show that, for every 
n, I + KP n is invertible. To see injectivity, suppose x £ Y°° and (I + KP n )x = 0. 
Then x = -KP n x £ Y£° since P n x £ Y£° and K = A - I is absolutely rich. Now 
x £ Y£° implies P n x = x and therefore = (/ + KP n )x = (I + K)x = Ax, i.e. 
x = by injectivity of A. Now surjectivity of / + KP n follows from its injectivity 
by the Riesz theory for compact operators in topological vector spaces [90] since 
KP n £ KS(Y°°) by Lemma 3.31. 

Next, note that from (6.6) it follows that A £ a op (A) and that, since A is 
injective, all the limit operators of A are injective. Further, by (6.6) and Remark 
6.4, it follows that a op (K) is uniformly Montel since K £ M(Y°°). Applying 
Theorem 6.3 we see that the limit operators of A are uniformly bounded below, in 
particular that A is bounded below. 

To see finally that A is surjective let y £ Y°° and set y n = P n y £ Y r ^ and 
x n = (I + KP n )~~ l y n so that x n + KP n x n = y n which implies (as seen above) that 
x n £ Y£°, that P n x n — X n , and hence that Ax n = x n + Kx n = y n . Since (y n ) 
is bounded and A is bounded below, also (x n ) is bounded. Since K £ M(Y°°) it 
follows that there exists an x £ Y°° and a subsequence of (x n ), denoted again by 
(x n ), such that Kx n — > y — x, so that x n = y n — Kx n —¥ y — (y — x) — x. As 
K £ S(Y°°) this implies Kx n A Kx so that Ax — x + Kx = y. ■ 

The above result has the following obvious corollary (phrased in the spirit of 
Theorem 6.3, which was the starting point of this discussion). 

Corollary 6.8. If A = I + K £ S(Y co ) is absolutely rich/periodic and K £ 
M{Y°°) and if all limit operators of A are injective, then all limit operators of A 
are invertible (with uniformly bounded inverses). 

Further down, in Theorem 6.38, we will show that, in the case when A is 
also band-dominated (as defined in §6.3), this corollary holds more generally with 
'absolutely rich' replaced by 'norm-rich'; indeed in the one-dimensional case N = 1 
we will show in Theorem 6.31 that this corollary holds even with 'absolutely rich' 
replaced by 'rich'. We conclude the current section by a collection of results for 
the general setting of all norm-rich/almost periodic operators A £ L(Y); a set that 
shall be denoted by L n$ (Y) for brevity. Our first result follows from a slightly more 
general result which is Theorem 6.5.2 in Kurbatov [54]. We include a proof here 
for the convenience of the reader. 
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Lemma 6.9. L (Y) is an inverse closed Banach subalgebra of L(Y). 

Proof. Let A, B e L n$ (Y) and take an arbitrary sequence h = (h(l),h(2), ...) C 7L N . 
Pick a subsequence g of h such that both V- g t n )AV g i n ) and VL 9 ( n )SV^( n ) converge 
in norm. Then, clearly, also V_ g i n ){A + B)V g < n ) and 

V- g{n) (AB)V g{n) = {V- g{n) AV g{n) ){V_ g{n) BV g{n) ) 

converge in norm. To see that L n ®(Y) is closed in the operator norm take A%, A2, ... € 
L n$ (Y~) with 4=jie L(y) and an arbitrary sequence h = (/i(n))£° =1 C Z w . Pick 
subsequences • ■ ■ C fv 2 > C /r 1 ' C h such that, for every fceN, 

(6.7) l|VL fc («.)( m )A fc y hW ( m ) - VLfcW(n)^fc^W(n)ll < !/ fc > m,n>k, 

and put <?(n) := h^ n '(n) for all n € N. Then, for all k € N and all m,n> k, noting 
that g(n) — h^(n r ) for some n! >n> k, 

\\V-g(m)AV g ( m ) - V_ g (n)AV g ( n ) \\ < \\V_ g ( m )A k V g ( m ) - V_ g ( n )A k V g ( n ) II 

+ 2||i4 fc -i4|| 
< l/fc + 2||A fe -A\\ -+ 

as fc — > 00. This shows that the sequence (V^g^-jAV^)) is Cauchy and therefore 
convergent in L(Y). Since g d h, we get that A e L n$ (Y). 

To see the inverse closedness suppose A e L n ^(Y) is invertible in L(Y) and 
take an arbitrary sequence h = (h(l), h(2), ...) C 2, N . Since A e L n$ (y), there is a 
subsequence g oi h such that A„ := V_ g i n ^AV g i r A =4 i? for some B 6 L(Y)- Since 
1 1 ^4~ 1 1 1 = ||V r _ 9 („)yl _1 V g ( n )|| = ||^4 _1 || is bounded independently of n, it follows from 
a basic result on Banach algebras (see, e.g. Lemma 1.3 of [63]) that B is invertible 
and 

A~ = V_ g ( n )A~ V g (n) =3 B~ , 
showing that A^ 1 <E L n$ (Y). ■ 

Theorem 6.10. For A e L n$ (Y), the following holds. 

(i) //, for some sequence h = (h(l), h(2), ...) C Z w and B £ L(Y), 

v 
V-h(n)AV h { n ) -> -B Was, tfien V_h(„)ilF/ ( („) =4 5. 

(ii) A G <7 op (A) fie. A is self -similar). 

(iii) cr op (A) = clos L( -y)T(A) is a compact subset of L n$ (Y). 

(iv) A is invertible iff any one of its limit operators is invertible. 

(v) v{A) = 1/(5) /or all B G cr op (A), so that A is bounded below iffa op (A) is 

uniformly bounded below. 

(vi) // x is almost periodic, then Ax is almost periodic. 

(vii) // A is invertible on Y°° , then it is invertible on Y£p . 

Proof, (i) Since A e L n$ (Y), every subsequence of V_ h ^AV h ^ (—> B) has a 
norm-convergent subsequence the limit of which must be B. But this proves norm 
convergence of the whole sequence. 

(ii) Let h(n) = (n 2 ,0, ...,0) E Z N for every n £ N. Since A € L n$ (Y), there is 
a subsequence g of h such that V_ g ^ n - ) AV g ^ converges. But then 

\\V-(g{n+\)-g(n))AV g{n+1) _ g{n) - A\\ = \\ V_ g{n+1) AV g ( n+1 ) - V_ g ( n) AV g ( n ) || -> 
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as n — > oo, showing that A = Af £ a op (A) with f(n) = g(n + 1) — g(n) — > oo. 

(iii) The inclusion <7° p (^4) C clos L (y)T(^4) follows from (i). The reverse in- 
clusion follows from (ii), from Theorem 5.12 (ii) and the closedness of cr op (^4) (see 
Theorem 5.12 (iii) above or [63, Corollary 3.96]). The compactness of c\osl(y)T{A) 
follows from the relative compactness of T(A) in L(Y). By Lemma 6.9, every op- 
erator in clos£(y)7"(j4) is norm-rich/ almost periodic. 

(iv) Take an arbitrary limit operator Ah of A and let h = (h(l), h(2), ...) C Z N 

be such that A n :— V^h(n)AVh( n ) — > Ah holds. By (i) we have that A n =t Ah- 
If Ah is invertible, then so is A n for every large n, and therefore A is invertible. 
Conversely, if A is invertible, then Ah is invertible by a basic result on Banach 
algebras (see e.g. [63, Lemma 1.3]) since H-A" 1 !) = H-A -1 !! is bounded. 

(v) If B £ cr° p (A), then, by (i), we have that V_h(n)AVh( n ) =4 B for some 
sequence h(l),h(2), ... in Z N . By (5.6) this implies that v(V_h(n)AVh( n )) ~> V {B) 
as n — > oo. On the other hand, since every Vh< n ) is an isometry, we have that 

v{V- h (n)AV h ( n )) = inf \\V_h(n)AV h ( n )x\\ = inf \\Ay\\ = v{A) 

1 1 x 1 1 — 1 1 1 y 1 1 — 1 

for every n £ N, so that r/(A) = ^(^_ h( „)AT4( n) ) -> i/(B), i.e. z/(A) = z/(B). 

(vi) Let ft = (h(l),h(2), ...) C Z w be arbitrary. HA € ^(Y 00 ) and x € Y A ^ 
there is a subsequence g of h such that both V g („)AV A _ g ( n ) and Vg( n )a; converge in 
the norm of L(Y°°) and Y°°, respectively. But then also 

y g (n){Ax) = (V g(n) AV_ g{n) ){V g{n) x) 

converges in Y °° , which shows that Ax £ Y£p . 

(vii) If A e L n$ (Y°°) is invertible on Y°°, then, by Lemma 6.9, also A^ 1 £ 
L n$ (Y°°). Now (vi) shows that x £ Yj$ iff Ax £ Y A % ■ 

6.2. Dual Space Arguments 

In the results we will present below dual space arguments will play a role, in 
particular in the cases p = 1 and p = oo. Temporarily set Y — £°°(Z N , U) so that 
Y = c {Z N , U), and set Y 1 = (}{Z N , U*), where [/* is the dual space of U. Note 
that Y x = Y *. Further, Y x * = Y" if 17 is reflexive, i.e. if U = U** . In the general 
case when U is not reflexive we shall see that we can, in a natural way, embed Y 
as a closed subspace of Y x * . 

For i £ 7, y £ Yi, define the bilinear form (•, •) on (Y, Yi) by 

(6.8) (x,y) := ^ Vj(xj), for x = (a^iez* € Y, y = (%) je z« e Yi, 

and note that, equipped with (•,•), (Y, Yi) is a dual system in the sense e.g. of 
Jorgens [48]. If x £ Yq and y £ Yx — Y * then (x,y) — y(x). A similar equation 
holds if U has a predual space U^, i.e. if there exists a Banach space U < such that 
([/■<)* = [/. Then Y is the dual space of Y«, where Y < := ^(Z^, [/«). Denote by 
J{7 the canonical embedding of U < into its second dual U* , given by Jjju{v) — v(u), 
u £ U < , v £ U, and let J* : l x {^ N ,U A ) -> f(Z N ',£/*) be the natural embedding 
J^x — (JjjXj)j eZ N . Note that both Jjj and J 4 are isometries. Then 

(6.9) {x,J < y)=x(y), x£Y,y£Y<. 
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An important observation is that, if (x n ) c Y, x £ F, and y £ Y±, then 
(6.10) i„4i =*> (#„,y) -* (a;,y). 

For every A £ L (F) (recall the definition (3.6) of L (F)) let A Q £ L(F ) be 
defined by i := A|y . Then its adjoint A* £ L(F *) = L(Fi). From Corollary 3.17 
we recall that, in particular, A £ L (Y) if A e L(F,7>) C S(F). 

Lemma 6.11. If A £ S(Y) n L (F) *ften 

(Ar,y) = (x,.4*y), a; € Y, y e Fl, 
i.e. A is the transpose of Aq with respect to the dual system (F,Fi). 

Proof. For x £ Yq, y 6 F * = Fi, 

(Ax,y) = (A x,y) = (x,t4oJ/). 

Thus, for x e F, y £ Yi, 

(AP n a>,y) = (P n a:,i4Sy). 

Taking the limit mco, in view of (6.10) and since A £ S(Y), the result follows. 

■ 

It follows from Lemma 6.1(i) that if A £ L(F)) is Fredholm then it is invertiblc 
at infinity (cf. Remark 6.2). We shall see that under certain conditions the same 
implication holds for A £ L(Y). Our tool to establish this will be to relate Fred- 
holmness of A to that of Aq. To this end a useful tool is to embed Y as a closed 
subspace of Y Q ** = £°°(Z N , 17**). Precisely, define J : F -> F ** by 

Jjcfo) = (x, y), x£Y,y£ Y* = Y x , 

It is easy to check that J is an isometry, so that Y is isometrically isomorphic to 
F := J(Y) C F **. For A £ 1(F) define i £ L(Y) by i := JAJ- 1 . 

Lemma 6.12. If A £ S(Y) n L (F), t/ien A**(F) C F and I = A**| y; so tfia* 

a(A>) < a(A) = a{A) < a(A* *). 

Proof. For x £ Y, y £Yi, with z := J~ x x £ Y, 

My) = (J{Az))(y) = (Az,y) = {z,A*y), 
by Lemma 6.11, and 

A* *x(y) = x(A* y) = (Jz)(A* y) = {z,A*y). 



To make full use of the above observation, we need the following characterisa- 
tion, for a Banach space Z, of those operators C £ L(Z) whose range is closed, 
which is a standard corollary of the open mapping theorem (applied to the injective 
operator z + kerC i-> Cz from Z/keiC to Z, also see [43, Theorem XI.2.1]): that 

(6.11) C(Z) is closed & 3c> s.t. \\Cz\\ > c inf \\z - y\\, Vz £ Z. 

y£ker C 

We also need the following consequence of the above characterisation. 

Lemma 6.13. Suppose that Z is a Banach space, Z$ is a closed subspace of Z , 
C(Z ) C Zq, and set C$ := C\z - If the range of C is closed and kerC = kerCo 
(i.e. kerC C Z ), then the range of Cq is also closed. 
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Proof. If the conditions of the lemma are satisfied then, by (6.11), there exists c > 
such that ||Cz| > cinf J/G i ccr c' \\z — y\\, z G Z. But, since Z C Z and kerC = kerCo, 
this implies that ||Coz|| > cinf ae kcrC \\ z — y\\, z G Zq, so that the range of Cq is 
closed. ■ 

Corollary 6.14. If A G 5(F) n L Q (Y) and A is semi-Fredholm with a(A ) < oo, 
i/ien A is semi-Fredholm and ker A — ker Ao . 

Proof. If the conditions of the lemma are satisfied then, from standard results on 
Fredholm operators (e.g. [48]), we have that Aq and Aq* are also semi-Fredholm, 
and a(A ) — /3(Aq) — cx(Aq*). Applying Lemma 6.12, it follows that a(A ) — 
a(A) = a(A^*). Further, since a(A ) is finite and ker A c ker A, ker A C ker Aq*, 
it follows that ker A = ker Aq and that ker A = ker Aq* . Applying Lemma 6.13, 
since the range of Aq* is closed it follows that the range of A is closed and so A(Y) 
is closed, and A is semi-Fredholm. ■ 

We will prove the converse result only in the case when U has a predual space 
i7 < and A has a preadjoint A < on F 4 := i x (Z N , CT 3 ). Recall that, given a Banach 
space A, the Banach space X < is said to be a predual space of A if A is isometrically 
isomorphic to (A" 3 )*. If A has a predual space A -3 then B^ G -^(A" 3 ) is said to be 
a preadjoint of B G £(A) if (B 4 )* = B. If the Banach space U has a predual space 
U" then a predual space of F = ^(Z", [/) is F 13 = ^(Z™, [/«). It is well-known 
that, if A is a Banach space which has a predual A^ and B G L(X), then the 
following statements are equivalent: 

(i) B has a preadjoint B* 3 G L(A < ). 

(ii) The adjoint J3* maps A^, understood as a subspace of its second dual 
(A" 3 )** =X*, into itself. 

(iii) B is continuous in the weak* topology on A. 

Recalling the isometry J 4 : Y* -> Y x introduced above, let F" 3 = ^(Y*) c Yi = 
F *, so that F* 1 is isometrically isomorphic to F* 3 . For A" 1 G I(F < ) let i 4 G ^F -3 ) 
be defined by A* = J <1 A <1 (J < )- 1 . 

Lemma 6.15. If A E Lq(Y), U has a predual f/ -3 and ^4 a preadjoint A < G i(F <l ) 7 
i/ien ^(F" 3 ) C F* 1 and A^ = A%\^ <} so that ker A* C kerAJj. 

Proof. For x£^ and y G F), where z := (J < )~ 1 x G F^, using (6.9), 

A«x(y) = (V, ^ar) = v(^*) = ^I/(*) = (M, x). 

Also, 

ASx(y) = x(A y) = (A y,x) = (Ay,x). 
m 

Let Ji : Fi -> F* be defined by 

Jix(y) := Jy(ar) = (j/,*), x G F 1; y G F 

It is easy to check that J\ is also an isometry. Let Y\ := Ji(F.) c F*, which 
is isometrically isomorphic to Y\. For A\ G i(F.) let A\ G £(Fl) be defined by 
A t := .MiJr 1 . 
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Lemma 6.16. If A £ S(Y) n I (Y), i/le ™ ^*(Yi) C Yi and i^ = ^*l*i> so that 
ker Ap C ker A* . 

Proof. For x £ Yi, y e Y, where 2 = J] -1 ^ G Yi, 

I^(y) = -M^Xi/) = (y,A* z) = (^,2), 

by Lemma 6.11. Also, 

A*x(y) = x(Ay) = J x z(Ay) = (Ay,z). 

m 

We note that if the conditions of Lemmas 6.15 and 6.16 are satisfied, then 

(6.12) a{A K ) < a(A* ) < a(A*). 

Theorem 6.17. Suppose that A £ S(Y) PI Lo(Y), U has a predual U^ and A has 
a preadjoint A < £ L(Y < ). Then A is Fredholm if and only if Aq is Fredholm and, 
if they are both Fredholm, then a(A ) = a(A), (3(A ) = /3(A), and ker^4 = ker^4 - 

Proof. Suppose first that A$ is Fredholm . Then, by Corollary 6.14, A is semi- 
Fredholm and ker A = kervlo- This implies that A" and A* are also semi- Fredholm, 
and so, and using (6.12), 

0{A) = a(A<)<a(AZ) = P(A o ), 

so that A is Fredholm. Moreover, 

(3(A) = a(A*) > a(A*) = (3(A ) 

so P(A) = f3(A ). 

Conversely, if A is Fredholm then so are A < and A* and a(A^) = [5(A) = a(A*). 
Thus, by (6.12), a(A* ) = a(A* ) = a(A*) is finite and so it follows from Lemma 
6.16 that kerAg = ker A*. Applying Lemma 6.13 we see that the range of Aq is 
closed, so that the range of Aq is closed and Aq is semi-Fredholm. Thus Aq is also 
semi- Fredholm , with (3(Aq) — cl(Aq) — a(A*) < oo. But also a(A ) < a(A) is 
finite, so Aq is Fredholm. ■ 

Note that the above theorem and its proof simplifies greatly if the Banach 
space U is reflexive, in particular if U is finite dimensional. For then we can choose 
U < = U* so that Y« = Yi and Y ** = Y. Note also that, if the conditions of the 
above theorem hold, in particular if A has a preadjoint, then the above theorem 
implies that A is invertible if and only if Aq is invertible. But even without existence 
of a preadjoint, we can prove this result in some cases; an observation which will 
be useful to us later. 

Lemma 6.18. If A £ S(Y) n Lq(Y) and A is invertible, then Aq is invertible. 

Proof. If A is invertible then A is injective and it follows from Lemma 6.13 that 
the range of Aq is closed. Further, since A is the transpose of Aq with respect to 
the dual system (Y,Y X ) it follows (see e.g. [48]) that = /3(A) > a(A^) = /3(A ). 
Thus Aq is surjective. ■ 

Lemma 6.19. Suppose that A £ L(Y,V) or that A = I + K with K £ S(Y) n 
M(Y) H L (Y), and suppose that A is invertible. Then A is invertible. 
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Proof. If the conditions of the lemma apply then, by Corollary 6.14, A is injective. 
In the case that A £ L(Y, V) then A a £ L(Y , V) by Lemma 3.18, and since L(Yq,V) 
is inverse closed (Theorem 1.1.9 of [85]), we have that Aq 1 <E S(Y ). This holds 
also by a modification of the proof of Lemma 3.33 in the case that A = I + K with 
K e S(Y) n M(Y) n L (Y). For if (x n ) C Y , X £ F , and x n 4 x then, defining 

7/ n . — /1q x ni 

(6.13) y n + Ky n = x n 

holds, and since K £ M(Y) there exists a subsequence (t/„ m ) and i/eF such that 
x„ m — Ky nm —J- y. From (6.13) it follows that y„ m — > y. Since if e S(Y), it follows 
that x nm —Ky nm — > x—Ky. Thus y = x—Ky, i.e. Ay = x. Note that, by injectivity 
of A, there is only one y £ Y with Ay = x and that is y = Aq 1 x £ Yq. We have 
shown that y n = Aq x n has a subsequence strictly converging to y = Aq x. By 
the same argument, every subsequence of y„ has a subsequence strictly converging 
to y. Thus A^Xn A A^x. So A^ 1 e S(F ). 

Let B £ SiY) be the unique extension of A^ 1 from Y to Y", which exists by 
Lemma 3.18. Then, for every x £ Y, 

BAx = s — lim BAP n x = s—HzhAq A$P n x = x 

n— >-oo 

and, similarly, A_Bx = jr. So /I is invertible. ■ 

Corollary 6.20. For A £ L(Y,'P) it holds that A is invertible iff A is invertible. 
When both are invertible, then (Aq) -1 = (A^ 1 )!^- 

Proof. The first sentence follows immediately from the previous two lemmas, and 
the equality concerning the two inverses is obvious if both A and Aq are invertible. 



6.3. Band-Dominated Operators 

Suppose Y is one of the spaces Y p with p £ {0} U [l,oo] and V is given by 
(6.1). For m £ Z N let E m : U — > Y and R m : Y — > U be extension and restriction 
operators, defined by E m y — (..., 0, y,0, ...), for y £U, with the y standing at the 
mth place in the sequence, and by R m x = x(m), for x — (x(m)) m( z Ii N £ Y . To 
every operator A £ L(Y) we can associate a matrix [A] = [a^ j GZ jv with entries 
dij = RiAEj £ L(U). For x £ Y = U ne piP n (Y), we have that the ith entry of Ax 
is 



.14) {Ax){i) = ^ Oijxtf), i£% 



N 
3& " 



Since Yq is the norm closure of Y, clearly the entries of [A] determine A\y uniquely, 
and so determine A if Y = Yq, i.e. if p £ {0} U [1, oo). In the case p = oo, [A] 
determines A if A £ S(Y), for then Ax is given by linin^oo AP n x, the limit taken 
in the s sense. 

Let BOiY) denote the set of all operators A £ L(Y,V) such that [A] is a band 
matrix, that is, for some w £ Nq called the band-width of A, aij = if \i — j\ > w. 

Recall that, for b = (o(ra)) meZ iv £ £°° (% , L(U)) , the multiplication operator 
Mb £ L(Y) is defined by (4.4). In terms of multiplication operators, an alternative 
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characterisation of BO(Y) is the following [63]: that A <E L{Y) is a band operator 
of band-width w iff 

(6.15) A= J2 M bkVk, 

\k\<w 

with some bk G £°°(Z ,L(U)) for every \k\ < w. For A given by (6.15) the matrix 
representation [A] has ay = &j_j(i) for |i — j'| < w and a^ = 0, otherwise. Since 
V C £(Y,7>) and, clearly, M b G L(Y,^) for b E £°°(Z N ,L(U)), every A of the form 
(6.15) is in L(Y,V). 

The linear space BO(Y) is an algebra but is not closed with respect to the 
norm in L(Y). By taking the closure of BO(Y) in the operator norm of L(Y) we 
obtain the Banach algebra BDO{Y). We refer to the elements of BDO(Y) as band- 
dominated operators. It should be noted that BDO(Y p ) depends on the exponent 
p of the underlying space, while BO(Y p ) docs not. Since L(Y 7 V) is closed in L(Y), 
and BO{Y) C L(Y,V), it follows that BDO(Y) C L(Y,V). 

As a consequence of (5.13), an operator A £ BO(Y), which has the form (6.15), 
is a rich operator iff the multiplication operators M\, h are rich for all |fc| < w, i.e. 
iff (see Example 6.6) the set {Vibk : i G Z N } is relatively sequentially compact in 
the strict topology on Y°° (L(U)) for every fc. Further, if A e BDO(Y), in which 
case A n =| A for some (A n ) C SO(F), A is rich if each A n is rich. 

Lemma 6.21. [85, Corollary 2.1.17] If U is finite- dimensional then every band- 
dominated operator is rich. 

For band-dominated operators the notions of invertibility at infinity (Definition 
5.1) and V— Fredholmness (Remark 5.2) coincide. 

Lemma 6.22. If A € BDO(Y), then the following statements are equivalent. 

(i) A is invertible at infinity. 

(ii) There exist B e BDO(Y) and T U T 2 G K(Y,V) such that (5.1) holds. 
(iii) A is V—Fredholm. 

Proof. For Y p with 1 < p < oo this is precisely Proposition 2.10 of [63] (the key 
idea, written down for Y 2 , is from [84, Proposition 2.6]). The proof from [63] 
literally transfers to Y°. ■ 

For band-dominated operators we have also the following result; in fact the equiv- 
alence of (i), (ii) and (iii) in the next lemma is true even for arbitrary K G L{Y). 

Lemma 6.23. If K G BDO{Y), with [K] = [nij]ij^z N the matrix representation 
of K , then the following statements are equivalent. 

ii) {V-kKVk : k G Z N } U <t°p(K) is uniformly Montel on (Y, s). 

(ii) {V-kKVk : k G Z N } is uniformly Montel on (Y, s). 
(iii) {V-kKVk)k£Z N * s asymptotically Montel on (Y,s) and K G M(Y). 
(iv) The set {k^ : i,j E Z n } c L(U ) is collectively compact. 

(v) The set {Kij : i,j G Z , i — j = d} C £(Z7) *s collectively compact for 
every d G Z w . 

J/ f is finite-dimensional, then (i)-(v) are also equivalent to: 

(vi) T/ie set {k^ : i,j G Z , « — j = d} C ^(^7) is bounded for every d G Z^. 
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Proof. It is clear from the definitions that (i)=>(ii), (ii)=>(iii) and that (iv)=S-(v). 
By Lemma 5.17, (ii) implies (i). 

Suppose now that (iii) holds and that h = (h(n))^ =1 c 1> N and that (x n ) C Y 
is bounded. If h does not have a subsequence that tends to infinity, then h is 
bounded, and hence it has a subsequence that is constant. In the case that h has 
a subsequence that tends to infinity, (V_f l t n \KVh/ n \X n ) has a strictly convergent 
subsequence since (V-kKVt) is asymptotically Montel. In the case that h has 
a constant subsequence, (Vl/ l ( n ).K'V5 l ( n )a; n ) has a strictly convergent subsequence 
since K G M(Y). In either case, we have shown that (ii) holds. 

Next suppose that (ii) holds and that i — (?(n))^ 1 C Z N , j = {j(n))^ =1 C Z w , 
and that (u n ) C U is bounded. For n G Z w define (x n ) € Y by setting the 
i(n) — j(n) entry of x n equal to u n and setting the other entries to zero. Then 
(x n ) is bounded and the zeroth entry of (VLir n )KVit n )X n ) is «,-( n ),j(n)Un< Since 
{y-feATVfe : k G Z w } is uniformly Montel, (K_ i(n) ifVi(„)2; n )(0) = K^ n )j( n )U n has 
a convergent subsequence. Since i, j, and (u„) were arbitrary sequences, we have 
shown that (iv) holds. 

Finally, suppose that (v) holds. Then the set {Kij : i,j G Z N , \i — j\ < w} is 
collectively compact for every w G N. For every M G N, every /i = (h(n))^' =1 C 
Z w , and every bounded sequence (x n ) C Y, we have that the ith component of 

{V_ h(n) KV h(n) P M x n ) is 

/ 4 Ki+h(n),j+h(n)Xn(j)- 

\j\<M 

Since {k^ : i,j G Z w , \i — j\ < w} is collectively compact for each w, it follows 
that the zth component of (y-h(n)K-Vh(n)PM%n) nas a convergent subsequence 
for every M G Z. Thus, by a diagonal argument, (l / -/ l („)i^T4( n )PMa;n) has a 
strictly convergent subsequence, for every M G N. Again by a diagonal argu- 
ment, we can find subsequences of h and (x n ), which we will denote again by h 
and (x n ), such that {V_h{n)KVh(n)PnXn) converges strictly to some x G Y, so 
that P m V_i l ^ n ' ) KVi l ^ n - ) P n x n — > P m x asn-} oo, for each m. Now [85], since K is 
band-dominated, it holds for every m G N that P m V-kKVkQ n ^ Oasti 4 oo, 
uniformly in fc G Z w . Thus P m V-h{n)KVh{n) x n —* PmX, for every to G N, so that 
V-h{n)KVh(n)X n — > x. We have shown that (ii) holds. 

The equivalence of (vi) and (v) under the condition dim U < oo is obvious since, 
in that case, a subset of U is relatively compact iff it is bounded. ■ 

For brevity, and because we will frequently refer to this class of operators in 
what follows, let us denote the set of all operators K G BDO(Y) which are subject 
to the (equivalent) properties (i)-(v) of Lemma 6.23 by UM(Y). 

Lemma 6.24. The following statements hold. 

(a) The set UM(Y) is a Banach subspace of BDO{Y) n M(Y). 

(b) In particular, UM(Y) — BDO(Y) if U is finite- dimensional. 

(c) IfKe UM(Y) and A G BDO(Y), then KA G UM(Y). 

(d) If M b is rich and K G UM(Y), then M b K G UM{Y). 
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Proof, (a): By its definition, we have that UM(Y) c BDO(Y), and from Lemma 
6.23 (hi) we get that UM(Y) C M(Y). For the rest of this proof, we will use 
property (ii) from Lemma 6.23 to characterise the set UM(Y). 

If S,T G UM(Y) and A G C, then clearly XS + T G UM(Y) since 
{V- k (\S + T)V k :kEZ N } C \{V_ k SV k :kEZ N } + {V_ k TV k :keZ N } 

is uniformly Montel. 

If Ti,T 2 , ... E C/M(F) are such that T n =$ T, then also T G (7M(F). To see 
this, take a sequence fc = (fc(l), fc(2), ...) C Z N and a sequence (xi, £2, ■•■) C Y 
with /i := sup || xt || < oo. By a simple diagonal argument, we can pick a strictly 
monotonously increasing sequence s = (s(l), s(2), ...) c N such that 

V-k(s{l)) Tn Vfc( 8 (i)) X s (£) 

converges strictly as £ — > oo for every n € N. Let us denote the strict limit by y n , 
respectively. From 

llyni-J/nall < SUp ||VLfc( s m)(T ni - T n2 )y fe ( 8 («)X a a) || < ||T ni -T na || • \x 

i 

we see that (y n ) is a Cauchy sequence in Y and therefore converges, to y E Y, say. 
But then V-ktsU)) TVift a (t)) x s(i) — > y as £ — > oo. Indeed, for all M,n € N, 

||PAf(V r _A ! ( a (^))n4(a(^))*8(/) - y)\\ 

< \\PM{V- k{s{l)) T n V k{s(t)) x sW - y n )\\ + \\PM{y n -y)\\ 

+ \\PM{V- k ( s (i)) (T - T n ) V k ( s (£)) x s (£))|| 

< \\PM(V- k ( sW) T n V kisW) x sW - y n )\\ + \\y n -y\\ + ||T-T n ||-jU 

holds. But, for every choice of M, n G N, the first term goes to zero as £ —> oo, and 
the second and third term can be made as small as desired by choosing n sufficiently 
large. 

(b): If K E BDO(Y) then property (vi) of Lemma 6.23 is automatically the 
case. Since this is equivalent to properties (i)-(v) of the same lemma if U is finite- 
dimensional, we get that K G UM(Y) then. 

(c), (d): Let K G UM(Y), A G BDO(Y) and b G Y°°(L{U)) such that 
M{, is rich. Take a sequence k = (k(l),k(2), ...) C Z N and a bounded sequence 
(xi,X 2 ,—) C Y. Now, for every £ G N, put ^ := F-fc^AV^) x^. Since (?#) is 
bounded, {V- m KV m : to G Z n } is uniformly Montel and {V_ m 6 : m £ Z w } is 
relatively sequentially compact in the strict topology on Y°° (L(U)) (since Mf, is 
rich, see Example 6.6), we can pick a strictly monotonously increasing sequence 
s = («(!)> s ( 2 )7 •••) C N such that both V_ k ^ {e)) KV k(s{i)) y sW and 7_ fc ( sW )6 con- 
verge strictly as £ — > 00. But then Vlfc( s (n) (M{,1("A.) Vfc(s«)) #s(£) converges strictly 
as f — > 00 since, for every m E N, 

Pn VLfe( a (/)) (Mi,if A) ^fc( s (Q) a; s (£) 

= Pm (V-k(a(t))MbVk^ B (£))) {V- k ( s (i))KV k ( s (i;))) (V r _ fc (s(f))AVfe( s (£)) X s (^)) 
= M P m V- k ( s (i))b Pm(V- k ( s (t))KV k ( s (ty J/ sW ) 

converges in norm as £ — >• 00, i.e. Mf,KA G UM(Y). ■ 
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The purpose of the following two lemmas is to prove that, for every A £ 
L(Y l (U)), the operator spectra a° p {A) C L(Y l (U)) and a° p {A*) C £,((^(£7))*) = 
L(Y°°(U*)) correspond elementwise in terms of adjoints. 

Lemma 6.25. If A £ L(F X (I7)), then 

a op (A*) = {B* :B£ a op {A)}. 

Proof. It is a standard result that B = A h £ cr° p (A) implies B* = (Ah)* = (A*) h £ 
a op (A*) (see, e.g. [63, Proposition 3.4 c]). 

For the reverse implication, suppose C £ a op (A*) C L(Y°°(U*)). Then 

as to — > oo for some sequence h(l), h(2), ... —$■ oo in Z N . We will show in Lemma 
6.26 that then C = P* and F-^AV^ 4 B, i.e. B £ a op {A). ■ 

Lemma 6.26. The set of operators in L{Y°°(U*)) that possess a preadjoint in 
L(Y (U)) is sequentially closed under V— convergence; that is, if A\, A-i, ... £ L(Y (U)) 

and A* m ^ C on Y°°(U*), then there is a B £ L(Y l (U)) such that C = B* ; more- 
over, A m ^ B onY l (U). 

Proof. From A* m -» C in L(Y°°(U*)) and Lemma 4.2 we get that there is a M > 
such that 

(6.16) \\A m \\ = \\A* m \\<M, togN. 
Moreover, for every k € N, it holds that 

(6.17) P k (A^ - C) =i as to -> oo. 

So we get that (-Pfc^4m)m=i i s a Cauchy sequence in L(Y°°(U*)) and therefore 
(A m Pfc)^ =1 is one in L(Y 1 (U)), for every fixed k £ N. Denote the norm-limit of 
the latter sequence by B k £ L(Y 1 (U)). As a consequence of (6.16) we get that 

(6.18) llSfeU = || lim A m P k \\ < sup \\A m P k \\ < M, k£ N. 

m-s-oo m 

From A m Pfc =4 B k we get that B k P k = Bfc and, even more than this, that 

(6.19) B r P fe = lim A m P r P k = lim A m P k = B fcl r > fc. 

We will now show that the sequence Pi, B2, ... strongly converges in Y^{U). There- 
fore, take an arbitrary x £ Y l (U) and let us verify that (B m x) is a Cauchy sequence 
in Y l (U). So choose some e > 0. Since Q m x — > on y 1 (J7), there is an JV e N 
such that 

(6-20) \\Q N x\\ < ^. 

Now, for all k,m > N, the following holds 

\\B k x-B m x\\ < \\{B k -B m )P N x\\ + \\(B k -B m )Q N x\\ 

< \\{B k P N - B m P N )x\\ + \\B k - B m \\ ■ \\Q N x\\ 

< \\(B N -B N )x\\ + (\\B k \\ + \\B m \\)-\\Q N x\\ < e 
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by (6.19), (6.18) and (6.20). Consequently, (B m x) is a Cauchy sequence in Y 1 (U). 
Let us denote its limit in Y l {U) by Bx, thereby denning an operator B £ L(Y l (U)). 
Passing to the strong limit as r — > oo in (6.19), we get 

(6.21) BP k =B k , k£N. 

Summing up, we have A m P k =4 B k = BP k , and hence {A m — B)P k =4 as m — >• oo, 
for all k £ N. Passing to adjoints in the latter gives P k (A* m ~B*) =4 in L(Y°°(U*)) 
as m — > oo. If we subtract this from (6.17) we get P k (B* — C) = for all k £ N, 

and consequently C = B* , by Lemma 1.30 a) in [63]. From A* m — > C = -B* we 
then conclude 

||(^ m -S)P fe || = ||P fe (^-B*)||^0 as m^co 

and 

||P fc (yl m -B)|| = ||(A;„-S*)P fc ||^0 as m^oo 

■p 
for every fegN, which, together with (6.16) and again Lemma 4.2, proves A m — > B. 

m 

Our next statement is similar to Lemma 6.25, but with restriction from Y to 
Yq instead of passing to the adjoint operator. 

Lemma 6.27. If A £ L(Y,V), then the limit operators of the restriction Aq := A\y 
are the restrictions of the limit operators of A; precisely, 

(6.22) a°P(A ) = {B\ Yo : B £ o-°*{A)}. 

In particular, the invertibility of all limit operators of Aq in Yq with uniform bound- 
edness of their inverses is equivalent to the same property for the limit operators of 
A in Y . 

Proof. The proof of (6.22) consists of two observations. The first one is that 

(X^_ q AV q )|yj, = V- a AQV a for all a £ Z N , and the second one is that -A m |y — » Aq 

on Yq iff A m ^ A on Y, for all A X ,A 2 , ... £ L(Y, V) since 

\\P k (A m \ Yo - A )\\ = \\(P k (A m - A))\ Yo \\ = \\P k (A m - A)\\ 

and its symmetric counterpart hold for all k £ N by the norm equality in Lemma 
3.18. The proof of the second sentence of the lemma now follows from (6.22), 
Corollary 6.20 and the norm equality in Lemma 3.18 again. ■ 

For the choice of Y, V and V we are making in this section, the operator 
spectrum of a rich band-dominated operator A contains enough information to 
characterise the invertibility at infinity of A, which is the content of (iii) in the 
next theorem. In this theorem, for an operator A £ L(Y), we denote the spectrum 
of A, i.e. the set of all A £ C for which XI — A is not invertible, by spec(A). We 
denote by spec ess (A) the essential spectrum of A, i.e. the set of A for which XI — A 
is not Fredholm . We also define, for e > 0, the e-pseudospectrum of A, spec e (A), 

by 

spec e (A) := {A e C : XI - A is not invertible or ||(AI - ^1) _1 || > £ -1 } . 

Theorem 6.28. a) Let A be a rich band- dominated operator onY = Y P (U) with 
a Banach space U and some p £ {0} U [1, oo]. Then the following statements hold. 

(i) If A is Fredholm and p ^ oo then A is invertible at infinity; 
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(ii) If A is invertible at infinity and either U is finite- dimensional or A = 
C + K with C £ BDO(Y) invertible and K £ M(Y) then A is Fredholm; 
(iii) A is invertible at infinity if and only if all limit operators of A are invert- 
ible and their inverses are uniformly bounded; 
(iv) The condition on uniform boundedness in (iii) is redundant ifp £ {0, 1, oo}; 
(v) It holds that spec(B) C spec(A) for all B £ a° p (A), indeed spec(B) C 

s P ec css(-4); f or Py^ °°; 
(vi) It holds that spcc e (5) C spec e (A), for all B £ a° p (A) and e > 0. 

b) In the case p = oo if, in addition, it holds that U has a predual U^ , and A 
has a preadjoint, A A £ L(Y < ), where Y < = K 1 (C/ <I ), then (i) and (v) also apply 
for p = oo; that is, A being Fredholm implies A being invertible at infinity, so that 
spec(B) C spec 0SS (A) C spec(^4) for all B £ a° p (A). 

Remark 6.29 This theorem makes several additions and simplifications to 
previously known results: (i), and therefore (v), is probably new for p = 1, and 
so is statement b). (ii) is a slight extension of Proposition 2.15 (together with the 
first column of Figure 4) of [63]. (iii) does not assume the existence of a preadjoint 
operator (unlike Theorem 1 in [61] and [63]) Up = oo. (iv) is probably new for 
p = 0. Also note that our Lemma 6.25 fills a gap in the proof of [63, Proposition 
3.6 a)] that is used in the proof of [63, Theorem 3.109] to deal with the case p = 1. 
(vi) was only known when p — 2 and U is a Hilbert space. For this setting, it 
follows from Theorem 6.3.8 (b) of [85] which, in fact, states the stronger result 
that the closure of the union of all spec e (B) with B £ a op (A) is equal to the 
e-pseudospectrum of the coset of A modulo K(Y, V). □ 

Proof of Theorem 6.28. b) Suppose the predual IT 3 and preadjoint A^ exist 
and that A is Fredholm on Y = Y°°(U). By Theorem 6.17 (note that BDO(Y) C 
L(Y,V) C S(Y) n L (Y)), we have that A Q := A\ Yo is Fredholm on Y Q = Y a (U). 
From Lemma 6.1 (i) (also see Remark 6.2) we get that then Aq is invertible at 
infinity on Yq, which, by Lemma 6.22 means that we have AqBq = I + Sq and 
B a A = I + T for some B £ L{Y ,V) and S Q ,T £ K{Y ,V). If we use Lemma 
3.18 to extend both sides of these two equalities to operators on Y, then we get 
that A is invertible at infinity on Y. 

a) (iii) For p £ {0} U (1, oo) we refer the reader to [85, Theorem 2.2.1], and for 
p = 1 (and also p £ (1, oo)) to [63, Theorem 1]. It remains to study the case p = oo. 
The 'if part of statement (iii) is Proposition 3.16 in [63] (which does not use the 
existence of a preadjoint). For the 'only-if part of (iii) we replace Proposition 3.12 
from [63] (which needs the preadjoint) by the following argument. Suppose A is 
invertible at infinity on Y = Y°°. By Lemma 6.22, there are B £ BDO(Y) C 
L(Y, V) and S,T £ K{Y, V) with AB = I + S and BA = I + T. Restricting both 
sides in both equalities to Yq we get that, by Lemma 3.18, Aq := A\y is invertible 
at infinity on Yq, which, by our result (iii) for p = 0, implies that all limit operators 
of Aq are invertible on Y and their inverses are uniformly bounded. From Lemma 
6.27 we now get that also all limit operators of A are invertible on Y and their 
inverses are uniformly bounded. 

Statement (iv) for p £ {l,oo} is [63, Theorem 3.109]. Precisely, the part for 
p = oo follows immediately from [63, Proposition 3.108], and the p — 1 part is a 
consequence of this and Lemma 6.25. Indeed, if all B £ a op (A) are invertible on 
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Y 1 ^) then also all their adjoints C = B* are invertible on Y°°(U*), which, by 
Lemma 6.25, are all elements of er op (yl*). Since A* £ BDO(Y°°(U*)) is rich as 
well, we know from the results about p = oo that 

sup us- 1 !! = sup HOB- 1 )! = su P IKS*)- 1 !! 

BGct°p(A) Bea°v(A) B6cr° p (A) 

sup IIC- 1 !! < oo 

C=B*Gct°p(A*) 

since B £ a op (A) iff C = B* £ cr° p (^l*), by Lemma 6.25. The statement (iv) for 
p = follows immediately from Lemma 6.27 (applied to the extension of A) and 
the result for p = oo. 

(i) For p £ {0} U (l,oo) this follows immediately from Lemma 6.1 (i) (it was 
already pointed out in Remark 6.2). So let p = 1 and suppose A is Fredholm on 
Y = Y 1 (U). Then A* is Fredholm on y°° ([/*). From part b) of this theorem it 
follows that A* is invertible at infinity on Y°°(U*). From (hi) we get that all limit 
operators of A* are invertible on Y°°(U*). By Lemma 6.25 this implies that all 
limit operators of A are invertible on Y (U), which, by (hi) and (iv), shows that A 
is invertible at infinity. 

(ii) Suppose A is invertible at infinity. If dimf/ < oo then Lemma 6.1 (ii) (also 
see Remark 6.2) implies that A is Fredholm. Alternatively, suppose that A — C+K 
with C £ BDO{Y) invertible and K £ M(Y). From C £ BDO(Y) C L(Y,V) we 
get, by [85, Theorem 1.1.9], that C" 1 £ L(Y,V) C S(Y). Moreover, K = A - C £ 
BDO(Y) C S(Y) implies that K e S{Y) n M(Y) so that A is subject to the 
constraints in Theorem 5.4 which proves that A is Fredholm. 

(v) For arbitrary A £ C, XI - B e <r° p {\I - A) iff B € ct°p(A). So it suffices 
to show that Fredholmness of a rich band-dominated operator (for p ^ oo) implies 
invertibility of its limit operators. But this is an immediate consequence of (i) and 

(iii). 

(vi) From (iii) we know that, if B G a° p (A) and XI — B is not invertible then 
XI — A is not invertible (not even invertible at infinity). So suppose XI — B is 
invertible. If XI — A is not invertible then there is nothing to prove. If also XI — A 
is invertible then, by Theorem 5.12 (ix), which applies since B £ a op (A) C L(Y,V) 
as A £ BDO{Y) c L(Y,V), it follows that 



Now we will combine the results of Theorems 6.3 and 6.28. Recall that the set 
UMiY) was introduced just before (and studied in) Lemma 6.24. 

Corollary 6.30. Consider Y = Y°°(U) where U has a predual U^, and suppose 
A = I - K £ BDO{Y) is rich, has a preadjoint A" £ L(F < ) where Y* = Y 1 ^), 
and that K £ UM(Y). Then the following statements are equivalent. 

(a) all limit operators of A are injective (a(Ah) = for all Ah £ a op (A)) 
and there is an S— dense subset, a , of o~ op (A) such that 0(Ah) = for all 
A h £ a; 
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(b) all limit operators of A are injective (a{A%) — for all Ah £ a° p (A)) 
and there is an S— dense subset, a, of o~° p (A) such that a(A^) = for all 
A h £ a; 

(c) A is invertible at infinity; 

(d) A is Fredholm. 

Proof. Note first that, by Lemma 6.25, each Ah £ o-° p (A) has a well-defined pre- 
adjoint A^ £ L(Y < ) so that statement (b) is well-defined; in fact, by Lemma 6.25, 
{Al : A h e (t°p(A)} = a°^{A < ). Since always (3{A h ) > a(A^) [48], clearly (a)=»(b). 

If (b) holds then, noting that property (i) of Lemma 6.23 implies that a° p (K) 
is uniformly Montel on (Y, s), applying Theorem 6.3, o~ op (A) is uniformly bounded 
below, which implies that the range of each Ah € a op (A) is closed. This implies 
that P{A h ) = ct(A^) = [48] for each A h £ a, so that (b)=>(a) and each A h £ o is 
surjective. 

Applying Theorem 6.3 again, we see that all the elements of a° p (A) are invert- 
ible and their inverses are uniformly bounded. Applying Theorem 6.28 we conclude 
that (a)<^>(b)<^>(c). 

The implication (c)=»(d) follows from Theorem 6.28 (ii) with C = I and — K € 
M(Y) by property (hi) of Lemma 6.23. Finally, (d)=>(c) is Theorem 6.28 b). ■ 

We note that Corollary 6.30, for operators satisfying the conditions of the corol- 
lary, reduces the problem of establishing Fredholmness and/or invertibility at in- 
finity on Y°°(U) to one of establishing injectivity of the elements of a op (A) and a 
subset of the elements of a op (A < ). In applications in mathematical physics this in- 
jectivity can sometimes be established directly via energy or other arguments (e.g. 
[16]), this reminiscent of classical applications of boundary integral equations in 
mathematical physics where A — I + K with K compact, and injectivity of A is 
established from equivalence with a boundary value problem. 

In the one-dimensional case N = 1 a stronger version of Theorem 5.16 can 
be shown, namely Theorem 6.31 below. This result is shown by establishing, in 
the case in which A = I - K e BDO{Y) is rich, K e UM(Y), and all the limit 
operators of A are injective, the following three statements: 

a) If B £ a° p (A) has a surjective limit operator then B is surjective itself. 

b) Every B £ a° p (A) has a self-similar limit operator. 

c) Self-similar limit operators (of A, including those of B) are surjective. 

That b) holds is Lemma 5.15. The proofs of a) and c) in [20] are both examples 
of the application of Theorem 5.8. 

Theorem 6.31. [20] Suppose that Y = £°°(Z, U), that A = I - K £ BDO{Y) is 
rich, that K £ UM(Y), and that all the limit operators of A are injective. Then 
all elements of o~ op {A) are invertible and their inverses are uniformly bounded. 

Combining this result with Corollary 6.30 we have the following simplified ver- 
sion of Corollary 6.30 which holds in the one-dimensional case. 

Corollary 6.32. Suppose Y — £°°(Z,U) where U has a predual U^ , and suppose 
A = I-K £ BDO{Y) is rich, has a preadjoint A < £ L(F < ) where Y* = £ 1 (Z, II*), 
and that K £ UM(Y). Then the following statements are equivalent: 
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(a) all limit operators of A are injective; 

(b) all elements of <7° p (^4) are invertible and their inverses are uniformly 
bounded; 

(c) A is invertible at infinity; 

(d) A is Fredholm. 

6.4. Almost Periodic Band-Dominated Operators 

Recall the classes of all absolutely rich/periodic and all norm-rich/almost pe- 
riodic operators as introduced in Section 6.1. We will now look at operators that 
are norm-rich/ almost periodic and band-dominated at the same time. We first 
show that every norm-rich/almost periodic band-dominated operator can be ap- 
proximated in the norm by norm-rich/almost periodic band operators. The same 
statement holds with 'norm- rich/almost periodic' replaced by 'rich', as was first 
pointed out in [61, Proposition 2.9]. The proof of our lemma is very similar to 
that of this related statement. An alternative, less constructive method for approx- 
imating a norm rich/almost periodic operator by a norm-rich/almost periodic band 
operator is described in step I of the proof of [52, Theorem 1]. 

Remark 6.33 Note that the norm-approximation of a given band-dominated 
operator A by a sequence A n of band operators is in general a more involved 
problem than it might seem. In particular, it is not always possible to achieve this 
approximation by letting [A n ] be the restriction of [A] to n of its diagonals (see 
Remarks 1.40 and 1.44 in [63]). Instead, for a given A E BDO(Y), in the proof of 
[85, Theorem 2.1.6] a sequence of band operators 



.23) A n = J2 Cfc >« Bk > neN ' 

|fc|<r 

v N 

!VJ. et J±lVl e _ t C • ■ - <M, K C d 



(6.24) with B k = J M et AM e _ t e~ i{t ' k) dt, fceZ' 



is constructed, where Cfc,„ € C and e t {m) = e «('i»i+-+»n»iv) f or a n m e z N and 
t € M. N . This construction is such that each matrix [Bf.] is only supported on the 
fcth diagonal and A n =4 A as n — > oo. □ 

Lemma 6.34. For every band- dominated operator A and the corresponding ap- 
proximating sequence (A n ) of band operators (6.23), the following holds. 

(i) If A is norm-rich/ almost periodic, then each one of the band operators A n 

is norm-rich/almost periodic. 
(ii) If A is rich and a op (A) is uniformly Montel, then every operator spectrum 

o~ op (A n ) is uniformly Montel. 

Proof. Since the integrand in (6.24) is continuous in t, the integral can be under- 
stood in the Riemann sense and therefore B/~ can be approximated in norm by the 
corresponding Riemann sums 

/<2tt\ N m ™ 
(6.25) R£> = — VlL AM e t e - l( *"^' fe) , meN 
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as to — > oo. Here t m j E T mj - are arbitrary where {T m j : j — l,...,m } is a 
partition of [0, 27r] JV into hyper-cubes of width 27t/to (also see the proof of [85, 
Theorem 2.1.18]). 

To prove (i) it suffices, by Lemma 6.9, to show that all Riemann sums R m 
are norm-rich/almost periodic. Since, as the restriction of an almost periodic (even 
periodic) function M. N — > C to the integer grid Z N , the sequence e* is almost 
periodic for every choice of t € K , we get that both M et and M e _ t are 
norm-rich/almost periodic (see Lemma 6.35 below). By Lemma 6.9 again and 
A E L n$ (Y), it follows that then all of the Riemann sums Rm and consequently, 
all operators B k and A n are norm-rich/almost periodic as well. 

For the proof of (ii), let A be rich and a° p (A) be uniformly Montel. By Lemma 
5.17, using that A is rich, we get that A E UM(Y). Since every M et is rich (even 
norm-rich/almost periodic), we get that M et AM e _ t E UM(Y) for all to E N 
and j E {1, ...,m N }, by Lemma 6.24 (c) and (d). This fact, together with formulas 
(6.23H6.25) and Lemma 6.24 (a), shows that all R$ , B k and A n are in UM(Y). 
But the latter implies that a op (A n ) is uniformly Montel, by Lemma 5.17. ■ 

Having reduced the study of norm-rich/ almost periodic band-dominated oper- 
ators to norm-rich/almost periodic band operators, we will now have a closer look 
at the latter class. 

Lemma 6.35. A band operator is norm-rich/almost periodic iff all of its diagonals 
are almost periodic; that means 

A=Y J Mb k V k E L" $ (Y) iff b k €Y$(L(U)), Vfc e D 

keD 

for all finite sets D C Z N and b k E Y°°(L(U)), k e D. 

Proof. Let D C Z N be finite, let b k E Y°°(L(U)) for all k E D, and put A = 

I2 k eD M b k V k . Note that 

(6.26) V- m AV m - J2 Mv -^ Vk 

keD 

for every m E Z N , We show that a sequence of operators (6.26) converges in the 
operator norm iff all of the corresponding diagonals V~ m b k converge in the norm 
oiY°°{L(U)). 

Suppose A E L n ®(Y) and take an arbitrary sequence h = (/i(n))„ e pj C Z N . 
Then there exists a subsequence g of h such that V_ g ^ n - ) AV g ^ n - ) =i C for some 
C E L(Y). Then, for all i,j E Z N , with [C] = [cij] and with the restriction and 
extension operators Ri and Ej as introduced at the beginning of Section 6.3, we 
have that 

\\ v -g(n)h-j(i) ~ <k,j\\L(u) = \\Ri{V- g {n)AV g{n) -C)EA\ L{U) 

(6.27) < \\V_ g{n) AV g{n) - C\\ L{Y{U )) ^ $ 

as n — > oo. Now, for every k E Z N , define c k E Y°°{L(U)) by c k {i) = Ci.i- kl so that 
Cfc is the k— th diagonal of C. From (6.27) we get that ||V_ ff ( ra )6/. — c fc ||yoo — > 0, so 
that b k E Y$(L(U)) for each k E Z N . 
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Now, conversely, suppose that b^ £ Y£p(L(U)) for all k £ D and take an 
arbitrary sequence h = (/i(n))„ e pj. Let {/c 1; k%, ..., k m } be an enumeration of D C 
Z N , and choose a subsequence hS l > C h such that V_ h (i)/ n \bk 1 converges. From this 
choose a subsequence h^ c /i' 1 ) such that also V_ h (2)( n )bk 2 converges, etc., until 
we arrive at a sequence g := M m ) c /i for which all VL g r n \bk with k £ D converge. 
Denote the respective limits by c& £ Y°°{L(U)). Then we have V- g ( n )AV g ^ n ) =4 
EfceD^Vi =:C since 

||^-s(n)^^ ff (n) ~ C||l(Y) = 



E( M ^wfe fc -^cjF fe 



keD 



L(Y) 



^ Yl W V -g(n) b k - CkWcc ^ 
keD 

as n -> oo, showing that A € L n$ (Y"). ■ 

To establish the main result of this section it is convenient to introduce a 
further definition. For 1 < r < N call A £ L(Y) r-partially periodic if there exist 
mi , . . . , m r £ N such that 

(6.28) V m . eU )A = iM^eW » J = 1, • • • , r. 

Then an iV-partially periodic operator is precisely an absolutely rich/periodic op- 
erator. By a O-partially periodic operator we shall mean any operator in L(Y). 
Similarly, we shall say that b £ Y°°{L(U)) is r-partially periodic if 

(6.29) b(k + m 3 e {j '>) = b(k), k £ Z N , j = 1, . . . ,r. 

Then an ./V-partially periodic function is periodic. We shall say that every b £ 
Y°°(L{U)) is O-partially periodic. 

Arguing as in the proof of Lemma 6.35 we can show the following result. 

Lemma 6.36. A band operator is r-partially periodic iff all of its diagonals are 
r-partially periodic; that means 

A = y Mb k Vk is r-partially periodic iff bk is r— partially periodic, Vfc £ D, 
keD 

for all finite sets D C Z N and b k £ Y°°(L(U)), k £ D. 

The proof of the following theorem on the invertibility of almost periodic band 
operators depends in the first place on results on invertibility of periodic band op- 
erators (Theorem 6.7) and, secondly, on the possibility of approximation of almost 
periodic by periodic functions (cf. the study of invertibility of elliptic, almost peri- 
odic differential and pseudo-differential operators which dates back to [72, 103]). 
This theorem is not new; it is Theorem 1 in [52] (and see [54]); in fact [52] provides 
a proof of this result for the general case Y — Y p , 1 < p < oo, by first reducing it 
to the case p = oo. However, it seems of interest to include our proof which, while 
it has similarities with steps IV- VII in [52, Theorem 1], illustrates the application 
of Theorem 5.20 which carries a large part of the proof, and differs also in applying 
an inductive argument. 

Theorem 6.37. If A = I+K. K £ BO{Y°°) is norm-rich/ almost periodic, a op (K) 
is uniformly Montel, and A is bounded below, then A is invertible. 
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Proof. Note first that, since K £ a op (K) if K is norm rich (Theorem 6.10 (ii)), 
that a op (K) uniformly Montel implies K £ M(Y°°). 

We shall establish the theorem by proving, by induction, that, for r = 0, 1, . . . , N, 

if A satisfies the conditions of the theorem and, 
(6.30) additionally, A is r-partially periodic, then A is invertiblc. 

Statement (6.30) for r = is precisely the theorem that we wish to prove. 

That (6.30) holds for r = N follows from Theorem 6.7. Now suppose that 
(6.30) holds for r = s, for some s £ {1, . . . , N}, and that A satisfies the conditions 
of the theorem and, additionally, is (s — Impartially periodic. We will show that 
this implies that A is invertible, so that (6.30) holds for r = s — 1, proving the 
inductive step. That A is invertible will be proved by applying Theorem 5.20. 

First note that, by Lemmas 6.35 and 6.36, for some finite set D c Z N and 
b k G Y°°(L(U)), k G D, it holds that 



K=Y,M bk V k 



keD 

with each b k £ Y$(L(U)) and (s - Impartially periodic. For n e N let h(n) e 7L N 
have sth component n 2 and all other components zero. Since each b k E Y£p(L(U)) 
we can choose a subsequence g of h such that V— g r n )bk is convergent as n — > co for 
each k £ D. Thus, defining f(n) = g(n + 1) — g(n), 

\\V-f(n)bk - bk\\oa = \\V-g(n+l)bk - VL fl ( n )6fc||oo ~> 

as n — > oo. Note that the sth component of f(n) is > 2n + 1 and that all the other 
components of f(n) are zero. 

For jeN define P 3 G i(y°° (£(?/))) by 

P s b(fi) = K£), -f<4<|, 

for £ = (£ 1; . . . , €jv) € ^^i and by the requirement that 

Pjbit + jeW) = Pjb{£), £eZ N . 
An important observation is that, for j G N, 6 G F 00 (L(/7)), 

(6.31) 11^(^6 -6)||oo < ||Vj e M&-&||oo = l|V_ ie w&-6||oo. 

Using this notation, for each k £ D let us define a sequence of increasingly good 
approximations to bk, each approximation being s-partially periodic and almost 
periodic. In detail, for n £ N and k £ D, let 

bi n) ■■= Pf(n)b k - 



Further, define K n , an approximation to K, by 



K n =Y,M b ^V k 

keD 

i s-partially periodi 
periodic, note that every £ £ Z N can be written as £ — £ + 1, where £ — £ s e^ 



(n) in) 

Then it is clear that each b k is s-partially periodic. To see that b k is also almost 
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the sth component of £). Then Vg — VgVj/ and, for j G N, V| commutes with Pj. 
Thus, for every n G N and £ G Z N , 



•32) Vtf£° = ^P /(n) V^ = ^(.»P/(»)^, 



lW 



for some j G Z with |j| < f(n)/2. From this formula it is clear that {Vj&i 

''A 



Z^} is relatively compact if {Vgb k '■ £ G Z N } is relatively compact, so that b k is 



almost periodic. Moreover it is clear that b k A b k as n — >• oo for each fc e D, so 
that if n A if and A„ := I+K n A A. Further, since each b k is s-partially periodic 
and almost periodic, it follows from Lemmas 6.35 and 6.36 that K n is s-partially 
periodic and norm rich, and so therefore is A n . Note also that, by Lemma 5.17 and 
the equivalence of (hi) and (v) in Lemma 6.23, the set {bk(£) ■ £ G Z N } is collectively 
compact for every k G D, so that {b { k n) (£) : £ G Z N ,n G N} C {b k (£) : £ G 1 N } is 
collectively compact. Arguing as in the proof that (v) implies (hi) in Lemma 6.23, 
we deduce that {V_jK n Vj : j G Z N ,n G N} is uniformly Montel, so in particular, 
by the equivalence of (i) and (ii) in Lemma 6.23, a° p (K n ) is uniformly Montel for 
each n. By the inductive hypothesis it follows that if A n is bounded below then 
A n is surjective, for each n. 

We have shown that conditions (a)-(c) of Theorem 5.20 are satisfied by A and 
A n . To complete the proof we will show that conditions (d) and (e) of Theorem 
5.20 are satisfied with B = <r op (A). Since A is bounded below which implies, by (v) 
of Theorem 6.10, that B is uniformly bounded below, this choice of B satisfies (e) 
of Theorem 5.20. 

To see that (d) holds with B = a op {A), suppose that £(j) G Z N and n(j) G N, 
for j G N, and that n(j) — > oo as j — > oo, and let 

k£D 

where c}f := V-i(j)b^ ■ What we have to show is that (Bj)j^ has a subsequence 
that s-converges to an element of a op (K). To see this, first note that, by (6.32), 

C k = V pU)e(°) P f(nU))V_f {j) b k , 

for some p(j) G Z with \p(j)\ < f(n(j))/2. Since each 6 fc is almost periodic, setting 
£(j) := — p(j)e( s ' +£(j), we can find a subsequence of £, which we will denote again 
by £, such that, for each k G D, there exists bk G Y°°(L(U)) such that 

£ j : = \\V_i {j) b k -b k \\oo ^0 
as j — > oo. Then, for mgN and all j sufficiently large such that m < f(n(j))/2, 



IIPm^-ftfcJHoo < Bj 



< 
< 
< 



P,n(c£ -V_jy ) & fc )||oo 

P mV p (j )e (.s) (Pf(n(J)) - r) V -i(j)h\\ 

P rn+\p(j)\(Pf(n(j)) - I)V_f: (j) b k \\ OD 

P f(nU)){Pf{n(j)) - /IVL^Moo 
V-f(n(j))bk — bk\\co, 



by (6.31). Thus \\Pm{c k — &fe)||oo — > as j — > oo, for every m, so that c k 3 ' A b k . 
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Defining 

keD 

we have that Sj — > as j — > oo for each k G D, so that 

V -IU) KV IU) = E M v-m^ =» E M S fc ^ = #• 

tec fce£> 

If £ has an unbounded subsequence, this implies that K G (T op (X). If £ does not 
have an unbounded subsequence then it has a constant subsequence, i.e. £(j) = £ for 
some £ G 1 N and infinitely many j G N, so that K = V^KVf. Since K G a° p {K) 
implies (by Theorem 5.12 (ii)) that V_^KVg G <r° p (K), it follows also in this case 

that K G a° p (K). But c^' A b k for every fc G D implies that 

^ = E M c«>^ A E M s fc ^ = ^ 

fceD keD 

so that we have shown that (Bj)j^ has a subsequence that s-converges to an 
element of a op (K). ■ 

Now we can finally prove the generalisation of Corollary 6.8 to norm-rich/almost 
periodic band-dominated operators. We note that results of this flavour in concrete 
cases, in particular showing something close to equivalence of (i) and (iii), date 
back at least to Shubin [103] for scalar elliptic differential operators with smooth 
almost periodic coefficients, where the analogous statement to (iii) is termed the 
Favard condition (and see [20]). Note also that we have already seen, in Theorem 
6.31, that in the one-dimensional case N = 1 the equivalence of (iii) and (iv) holds 
even when K is only rich rather than norm rich/almost periodic. 

Theorem 6.38. If A = I + K with K G BDO(Y°°) norm-rich/almost periodic 
anda op (K) is uniformly Montel, then the following statements are equivalent. 

(i) A is invertible; 

(ii) A is bounded below; 

(iii) all limit operators of A are injective; 

(iv) all limit operators of A are invertible with uniformly bounded inverses. 

Proof. Let the conditions of the theorem be fulfilled. Implication (iv)=>(i) follows 
by Theorem 6.10 (ii); (i)=>(ii) is trivial; (ii)=>(iii) follows by Theorem 6.10 (v); and 
it remains to show (iii)=>(iv). 

Suppose (iii) holds. By Theorem 6.3 it follows that cr op (^4) is uniformly bounded 
below, so that, by Theorem 6.10 (v), v(A h ) = v(A) > for all A h G a op (A). Now, 
from Lemma 6.34, applied to K in place of A, we know that there exists a sequence 
(K n ) of norm-rich/almost periodic band operators with a° p (K n ) uniformly Montel 
for each n and K n =t K . From (5.6) it follows that v(I + K n ) — s- v(I + K) = 
v{A) > 0, so that there exists a no G N with 

v{I + K n ) > -v(A) > 0, n>n a . 

Invoking Theorem 6.37, we conclude that, for every n > no, / + K n is invertible 
and 

||(/ + X„)- 1 || = ] < -?- < oo. 

v{I + K n ) v{A) 
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Since also / + K n =4 / + K = A, we get, by [63, Lemma 1.3], that A is invertible. 
From Theorem 6.10 (iv) and (v) it now follows that each limit operator A^ of A is 
invertible and 



But this is (iv). 



1(A) *|| = ttt = -jjs < oo- 



6.5. The Wiener Algebra 



If we write of "all spaces Y" in this section, we always think of the set of spaces 
Y — Y P (U) where U is fixed, and only p varies in {0} U [1, oo]. For a band operator 
A of the form (6.15), one clearly has 



\M 



L(Y) 



E M » k v k 

\k\<w 



< E IIMv- =: milw 

kez N 



L(Y) 

for all spaces Y, where we put b k = if \k\ > w. By W = W(U) we denote the 
closure of BO(Y) with respect to || - 1| w - Equipped with ||.||w, the set W is a Banach 
algebra. Clearly W does not depend on the underlying space Y and we have, for 
all spaces Y, 

BO{Y) c W C BDO(Y). 

Both inclusions are proper as the operators A and B with (Ax)(k) = x(— k)/\k\ 2 
and (Bx)(k) = x(-k)/\k\ if k ^ 0, (Ax)(0) = = (Bx)(0) show. 

W is referred to as the Wiener algebra. Note that this is a natural (non- 
stationary) extension of the classical algebra of all matrix operators with constant 
diagonals and ||-A||v7 < oo (which is isomorphic, via Fourier transform, to the alge- 
bra of all periodic functions with absolutely summable sequence of Fourier coeffi- 
cients that is usually associated with the name 'Wiener algebra'). As a consequence 
of the definition of W we get that 

(6-33) \\A\\ L{Y) < \\A\\ W 

for all A € W and all spaces Y. For operators in the Wiener algebra W one has 
the following remarkable results (see Theorem 2.5.2 and Proposition 2.5.6 of [85]). 

Lemma 6.39. For every A G W, the following holds. 

(i) If A is invertible then A^ 1 £ W, so that W is inverse closed. 

(ii) If A is rich and h = (h(n)) C Z N tends to infinity then there is a sub- 
sequence g of h such that the limit operator A g exists with respect to all 
spaces Y. This limit operator again belongs to W, and |j^4 g |jyy < ||A||w>. 



As a consequence of Lemma 6.39 we get that, if A S W is invertible on one of the 
spaces Y then it is invertible on all spaces Y, and ||-A -1 1| L(y) < 1 1 ^4. x 1 1 vv - Another 
consequence of this lemma is that the operator spectrum o~ op (A) is contained in the 
Wiener algebra W and does not depend on the underlying space Y if A e W. So for 
A E W, the statement of Theorem 6.28 (iii) holds independently of the underlying 
space Y. Moreover, by Theorem 6.28 (iv), also the uniform boundedness condition 
of the inverses is redundant since this is true for p £ {0, l,oo} and consequently, 
also for p£ (1, oo) by Riesz-Thorin interpolation: 
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Theorem 6.40. If A € W is ric/i i/ien t/ie following statements are equivalent. 

(i) A is invertible at infinity on one of the spaces Y . 

(ii) A is invertible at infinity on all the spaces Y . 

(iii) All limit operators of A are invertible on one of the spaces Y. 

(iv) All limit operators of A are invertible on all the spaces Y and 

(6.34) SUp SUp ||^ 1 || L (y P ) < oo. 

pe{0}U[l,oo] A h £cr°e(A) 

Remark 6.41 This theorem is a significant strengthening and simplification 
of Theorem 2.5.7 in [85]. Theorem 2.5.7 requires that U is reflexive, and, in the 
case that U is reflexive, it implies only a reduced version of our Theorem 6.40 with 
the value of Y restricted to Y p , p e {0} U (1, oo), in (i)-(iii). □ 

Proof of Theorem 6. 40. (i)=>(iii) follows from Theorem 6.28 (iii). 

(iii)=>(iv): Suppose (iii) holds. We have observed already that a° p (A) C Wis 
independent of the space Y by Lemma 6.39 (ii). Applying Lemma 6.39 (i) to the 
limit operators of A, it follows that these limit operators are invertible on all the 
spaces Y. By Theorem 6.28 (iv), 

s p := sup WAy^W^Yp) 

A h £<j°p(A) 

is finite for p £ {0,1, oo}. Now, by Riesz-Thorin interpolation (as demonstrated 
in the proof of [85, Theorem 2.5.7]), we get that s p < s x Soo < oo for all 
p G (l,oo), which proves (iv). 

(iv)=>(ii) follows from Theorem 6.28 (iii). 

Finally, (ii)=>(i) is evident. ■ 

From the above result and the relationship between invertibility at infinity and 
Fredholmness, (see Remark 6.2 and Theorem 6.28 a)(i)+(ii) and b)), we can deduce 
Corollary 6.43 below, which relates Fredholmness to invertibility of limit operators. 
In this corollary we require, for the equivalence of (a)-(d) with (e), the existence 
of a predual U < and, for A considered as an operator on Y°°, the existence of 
a preadjoint A < € y 1 (C/ <1 ). The following obvious lemma characterises existence 
of a preadjoint in terms of existence of preadjoints of the elements of the matrix 
representation of A. 

Lemma 6.42. If A E W(U), with [A] — [a mn ], and U has a predual U < ) then A, 
considered as an operator on Y°°(U), has a preadjoint A^ G Y (U" 9 ) iff each entry 
a mn G L(U) of the matrix representation of A has a preadjoint a^ nn £ L(C/ <I ). If 
this latter condition holds then a preadjoint is A 4 S W(f/ < ) with [A"] = [a^ lm ]. In 
particular, A has a preadjoint if U is reflexive, given by A" € W(U*) — W(U < ), 
with [A* 1 ] = [a* m ], where a* nm G L(U*) — L^^) is the adjoint of a nm . 

Corollary 6.43. Suppose A = I-KeWis rich, and K e UM(Y). Then the 
following statements are equivalent. 

(a) All limit operators of A are injective on Y°° and o~ op (A) has an S— dense 
subset, a, such that /3(Ah) = on Y°° for all Ah G <r; 

(b) A is invertible at infinity on all the spaces Y ; 

(c) A is invertible at infinity on one of the spaces Y ; 
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(d) A is Fredholm on all the spaces Y . 

In the case that U has a predual U^ and A, considered as an operator on Y°°(U), 
has a preadjoint A < £ Y (U 4 ), then (a)-(d) are equivalent to 

(c) A is Fredholm on one of the spaces Y . 

Proof. For the clarity of our argument we introduce two more statements: 

(f ) All limit operators of A are invertible on Y°° ; 

(g) A is invertible at infinity on Y 2 . 

Each of these will turn out to be equivalent to (a)-(d) . 

By Theorem 6.3, statement (a) is equivalent to (f), which, by Theorem 6.40, is 
equivalent to each of (b), (c) and (g). 

Since K £ M(Y), the implication (b)=>(d) follows from Theorem 6.28 (ii) 
(applied with C = —I). 

Since, obviously, (d) implies Fredholmness of A on Y 2 , it also implies (g), by 
Theorem 6.28 (i). Another obvious consequence of (d) is (e). 

Finally, suppose U < and A" 3 exist and (e) holds for Y = Y p . If p = oo, then (c) 
follows by Theorem 6.28 b), and otherwise, if p < oo, then (c) follows by Theorem 
6.28 (i). ■ 

The above corollary implies, for rich operators in the Wiener algebra which are 
of the form A = I- K £ W with K £ UM(Y), i.e. K is subject to the (equivalent) 
properties (i)-(v) in Lemma 6.23, and which possess a preadjoint, that Fredholmness 
on one of the spaces Y implies Fredholmness on all spaces Y. The argument to 
show this is indirect: it depends on the connection between Fredholmness and 
invertibility at infinity and on the equivalence of (i) and (ii) in Theorem 6.40. 

Recently, Lindner [64] has studied directly the invariance of the Fredholm prop- 
erty across the spaces Y for general operators in the Wiener algebra, but with a 
slight restriction on the Banach space U, that it is either finite-dimensional or 
possesses the hyperplane property, meaning that it is isomorphic to a subspace of 
U of co-dimension 1. An equivalent characterisation of the hyperplane property 
[64] is that there exists a B £ L(U) which is Fredholm of index 1. This char- 
acterisation suggests that infinite-dimensional Banach spaces which do not have 
the hyperplane property are unusual. In [65] Lindner lists many sets of conditions 
on U which ensure that U has the hyperplane property, and recalls that it was 
a long-standing open problem due to Banach - the so-called hyperplane problem 
- whether there exist any infinite-dimensional Banach spaces which do not have 
the hyperplane property. An example was finally constructed by Gowers in [44], 
for which work, and the resolution of other long-standing open questions posed by 
Banach, he received the Fields medal in 1998. 

The main result proved by Lindner [64] is the following: 

Theorem 6.44. Suppose that U is finite- dimensional or has the hyperplane prop- 
erty and that A £ W(U). Then: 

(a) If A is Fredholm on one of the spaces Y p , with p £ {0} U [l,oo), then A 
is Fredholm on all spaces Y . 
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(b) If U has a predual U^ and A, considered as acting on Y°° , has a preadjoint 
A" G K 1 (L r< ) ; then A is Fredholm on one of the spaces Y iff A is Fredholm 
on all of the spaces Y . 

If A is Fredholm on every space Y then the index is the same on each space. 

By combining Theorem 6.40 and Corollary 6.43 we get the following result. In 
this result, again, by spec ess (A) we denote the essential spectrum of A (the set of 
A for which XI — A is not Fredholm) and by spec(A) the ordinary spectrum of A. 

Corollary 6.45. Suppose A = I - K G W is rich, K G UM(Y), U has a 
predual U^ , and that A, considered as an operator on Y°°{U), has a preadjoint 
A^ G K 1 (L r<l ). Then statements (i)-(iv) of Theorem 6. 40 and (a)-(e) of Corollary 
6.4-3 are all equivalent. Further, on every space Y it holds that 

(6.35) s P ec css (A) = |J spec(B). 

Bea°P(A) 

Proof. It remains only to show that, for every A € C, XI — A = (A — 1)1 + K 
is Fredholm iff (A - 1)1 + L is invertible for every L G cr op (K). For X ^ 1 this 
follows from the earlier part of the corollary. This is true also for A = 1 when U is 
finite-dimensional (see Corollary 6.46 below). When U is infinite-dimensional and 
A = 1, then (A- 1)1+1*: = K e UM(Y) C M(Y) and so (A-l)I+£ = Le M(Y). 
This implies that all the entries of the matrix representations of (A — 1)1 + K and 
(A — 1)1 + L are compact (in K{U)). Since U is infinite-dimensional, this implies 
that (A - 1)1 + K and (A -1)1 + 1 are not Fredholm. ■ 

In the particularly simple case of a finite-dimensional space U we have the 
following extended version of Corollary 6.45. 

Corollary 6.46. Suppose A G VV and U is finite- dimensional. Then statements 
(i)-(iv) of Theorem 6. 40 and (a)-(e) of Corollary 6.43 are all equivalent. Moreover, 
if A is subject to all these equivalent statements then the index of A is the same on 
each space Y . Further, on every space Y , (6.35) holds. 

Proof. To see that the conditions of Corollary 6.45 are fulfilled, recall Lemma 6.21 
and remember that, by Lemma 6.24 (b), K = I — A G UM(Y) if dim U < oo. Also 
recall that finite-dimensional spaces U are reflexive, so that IT 3 — U* is a predual 
and existence of a preadjoint follows from Lemma 6.42. 

It remains to show that the index of A is the same on all spaces Y. This follows 
from Theorem 6.44 above. More directly, let A be Fredholm on one of the spaces 
Y = Y p with p G {0} U [1, oo] and denote its index by ind p A. From the equivalence 
of (d) and (e) in Corollary 6.43 we get that A is Fredholm on Y 2 . Now proceed 
exactly as in the proof of [91, Lemma 2.1] to arrive at ind p A — ind2 A (see the 
remark below for some details). ■ 

Remark 6.47 a) In [91, Lemma 2.1] the independence of the index just 
follows for the spaces Y p with p G {0} U (1, oo) because this is the setting for 
which [83, Theorem 8] and [85, Theorem 2.5.7] yield that the Fredholm property 
is independent of the underlying space. Thanks to the equivalence of (d) and (e) 
in Corollary 6.43, as we proved earlier in Corollary 6.45 (and 6.46), we can now 
enlarge this framework to p G {0} U [1, oo]. 
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b) For simplicity, [91, Lemma 2.1] was only stated for band operators but its 
proof actually applies to all operators A £ W. We make use of this fact in the proof 
of our Corollary 6.46. 

c) Also, for simplicity, [91, Lemma 2.1] was only stated for operators on Y P (C) 
instead of Y P (U) with n := dim[/ < oo. This is not a loss of generality since 
these two spaces are isomorphic and the discussed operator properties are preserved 
under this isomorphism. Indeed, fix a basis in U and let ip : U — > C" refer to the 
isomorphism that maps u £ U to its coordinate vector (p(u) =: (yi(u), ..., ip n (u)) £ 
C" with respect to this basis. Then $ : Y P (U) -> Y P (C) with 

($x)(n ■ mi + k, m 2 , ... , m N ) = (p k (x(mi, ...,m N )) £ <C, 

k £ {1, ...,n}, m 1 ,...,m] V eZ 

for every x £ Y P (U) is an isomorphism. On the operator side, roughly speaking, 
the matrix representation of an operator on Y P (U) is an infinite matrix the entries 
of which are n x n matrices (operators on U = C", via ip). Via $ this matrix is 
identified, in a natural way, with an infinite matrix with scalar entries, and this is 
the setting in which [91, Lemma 2.1] applies. Note that this identification preserves 
membership of the Wiener algebra, Fredholmness, and the index of the operator. 
□ 

Finally, we note that in the one-dimensional case N = 1 we have the following 
refinement of Corollaries 6.43, 6.45 and 6.46, as a consequence of Theorem 6.31. 

Corollary 6.48. Suppose N = 1 and that A = I-K £ W is rich and K £ UM(Y). 
Then the following statements are equivalent: 

(a) All limit operators of A are injective on Y°° ; 

(b) All limit operators of A are invertible on one of the spaces Y ; 

(c) All limit operators of A are invertible on all the spaces Y and (6.34) holds; 

(d) A is invertible at infinity on all the spaces Y ; 

(e) A is invertible at infinity on one of the spaces Y ; 

(f) A is Fredholm on all the spaces Y . 

In the case that U has a predual U < and A, considered as an operator on 
Y°°(U) = e°°(Z,U), has a preadjoint A 4 on Y 1 ^) = ^(Z,!/^, then (a)-(f) 
are equivalent to 

(g) A is Fredholm on one of the spaces Y ; 
and on every space Y it holds that 

(6.36) s P ec css (A) = |J spec(i?) = |J spec^ oint (S). 

Be<r° p (A) _BGct°p(A) 

Here we denote by spec^, int (-B) the point spectrum (set of eigenvalues) of B, 
considered as an operator on Y°° . 

Corollary 6.49. Suppose N = 1, A £ W and U is finite- dimensional. Then 
statements (a)-(g) of Corollary 6.48 are equivalent. Moreover, if A is subject to 
all these equivalent statements then the index of A is the same on each space Y . 
Further, on every space Y , (6.36) holds. 



CHAPTER 7 



Discrete Schrodinger Operators 



In this chapter we illustrate the results of Chapter 6, in particular the results 
of Section 6.5, in the relatively simple but practically relevant setting of Y — 
yp = yp(U) = £P{Z N , U) with p £ {0} U [l,oo] and a finite-dimensional space U. 
For applications to a class of operators on Y P (U) with U infinite-dimensional, see 
Chapter 8. 

In this chapter we suppose that our operator A is a discrete Schrodinger oper- 
ator on Y in the sense e.g. of [29]. By this we mean that A is of the form 

A = L + M b 

with a translation invariant operator L, i.e. V^ a LV a — L for all a £ Z N , and with 
a multiplication operator Mb, given by (4.4), with b £ Y°°(L(U)). A translation in- 
variant operator L on Y is often referred to as a Laurent operator, and the sequence 
b is typically called the potential of A. The matrix representation of L is a Laurent 
matrix [L] — [A»_ y]$ jgjyv with Xk £ L(U) for all k £ Z N . To be able to apply the 
results of the previous subsections we will suppose that A — L + Mb £ L(Y P ), for 
1 < p < co, which is the case if L £ W, i.e. if 

ii^iiw = E ii A feii<^- 

Discrete (or lattice) Schrodinger operators are widely studied in mathematical 
physics (see e.g. [87, §XL14], [99], [13], [50], [78], [105], [9]). 

Particularly common and classical is the case where the Laurent operator takes 
the form 

N 

(7.1) L = ^(Kc*) + V_ eW ), 

where e' 1 ), ..., e^ are the unit coordinate vectors in Z N . The operator A = L+Mb 
is then a discrete analogue of the second order differential operator — A + M where 
A is the Laplacian and M is the operator of multiplication by a bounded potential, 
both on R N . 

Let V be the Laurent operator with matrix representation [L'\ = [A*Lji,jezJv- 
Then, identifying U with U* (so that U = U* = C/ < ), V £ W and A' := V + M b £ 
VV '. Further, in the case p = oo, when we consider A as an operator on Y = Y°° , 
A' , considered as an operator on Y 1 , is the unique transpose of A with respect to 
the dual system (Y°° ,F 1 ) of Section 6.2 and so the unique preadjoint of A, for it 
holds for x £ Y, y £ Y 1 , using equations (6.9), (6.8), and (6.14), that 

Ax{y) = {Ax, y) = (x, A'y) = x(A'y). 
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We will say that A is symmetric if A — A' . For example, this is the case when L is 
the classical operator (7.1). 

For b £ Y°° (L(U)) let Lim (b) denote the set of limit functions of b, by which 
we mean the set of all functions bh €■ Y°°(L(U)) for which there exists a sequence 
h : N — > Z w tending to infinity such that 

(7.2) b h (m)= lim b{m + h(ri)), me1 N . 

n— >oo 

It follows from (4.5) that 

cr op (A) = {£ + M c : c e Lim (6)}. 

Noting that Corollary 6.46 applies to A = L + Mb, we have the following result. 
In this result, for an operator B G W we denote by spec p (i?), spec£ ss (-B), and 
speCp 0int (B), respectively, the spectrum, essential spectrum, and point spectrum 
(set of eigenvalues) of B considered as an operator on Y p . 

Theorem 7.1. The following statements are equivalent: 

(a) L+M c is injective on Y°° for all c £ Lim (b) and, for some s-dense subset, 
q, of him (b), I! + M c is injective on Y 1 for all cS?. 

(b) L + M c is invertible, for every c £ Lim (b), on one of the spaces Y p ; 

(c) L + M c is invertible on Y p for every p and every c £ Lim (b) and the 
inverses are uniformly bounded (in p and c); 

(d) A is Fredholm on one of the spaces Y p ; 

(e) A is Fredholm on all of the spaces Y p and the index is the same on each 
space. 

Thus, for every p it holds that 

(7.3) spec p ss (A) = (J s P ecP(L + M c ) 

cGLim (b) 

(7.4) = |J [spec^ oint (i + M c ) U spec^Z' + M c )] 

ctELim (fc) 

and 

(7.5) spec p {A) = s P ec^ int (A) U spec£ oint (A') U spec^A) 

(7.6) = speCp oint (A) U spec point (A') U spec^A). 

Proof. From the equivalence of (a) and (b) in Corollary 6.30 we have that (a) is 
equivalent to the statement that a(L+M c ) = for all c € Lim (6) and f3(L+M c ) = 
for all c € <T- By Corollary 6.46 this is equivalent to (b)-(e). So it remains to 
prove (7.5)+(7.6). Equality (7.5) follows since, as noted after Lemma 6.39, the 
spectrum of A does not depend on p, so that spec p (A) = spec 00 (A). Further, if 
A e spec 00 (A) and XI- A is Fredholm, then either a(XI-A) ^ or f3(XI-A) ^ 0, 
so that either A £ spec°£ int (A) or A € spec point (A'). To see equality (7.6), note that 
spec point (A) C spec°^, int (A) since injectivity of XI — A on Y°° implies its injectivity 
on Y 1 C Y°° . Moreover, if XI — A is Fredholm then, by Theorem 6.17, the kernel 
of XI — A is a subset of Y°. Since (XI — A)\yo is Fredholm with the same index on 
Y° and Y 1 c Y° and since Y 1 is dense in Y°, it follows from a standard result on 
Fredholm operators (e.g. [79]) that the kernel of XI — A is a subset of Y 1 . Thus 
specp° oint (A) c spec^ s (A) U spec point (A). ■ 
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Remark 7.2 We note that main parts of the above result, namely equality 
(7.3) and that the spectrum and essential spectrum do not depend on p G [1, oo], 
are well known (see e.g. [85, Theorem 5.8.1]). The characterisation of the essential 
spectrum by (7.4) appears to be new. □ 

Clearly, equations (7.3) - (7.6) simplify when L is symmetric, for example 
if L is given by (7.1), since we then have that spec point (A') = speCp oint (A) and 
spec point (L' + M c ) C specp^ int (L + M c ) for all c £ Lira (6). Simplifications also 
occur when the potential b is almost periodic, b E Y££(L(U)), in which case Lim (b) 
is precisely what is often called the hull of b, the set closy™ (L(u)){Vkb ■ k G Z N }, 
the closure of the set of translates of b. 

Theorem 7.3. If b is almost periodic then, for all p and all b € Lim (b), 

(7.7) spec? ss (A) = spccP(A) = spec p (L + M~ b ) = (J spec~ int (L + M c ). 

ctELim (b) 

Proof. L is absolutely rich/periodic and so norm rich. Since b is almost periodic, Mb 
is norm rich by Lemma 6.35. Thus A is norm rich. Further, a op (A — I) is uniformly 
bounded by Theorem 5.12 (i) and so uniformly Montel on Y°° by Corollary 3.25, 
since dimf/ < oo. The result thus follows from Theorem 6.38, Theorem 6.10 (iv), 
and the equivalence of statements (b) and (d) in Theorem 7.1. ■ 

Remark 7.4 That specP ss (A) = spec p (A) = spec p (i + M~ b ) for all b € Lim (6), 
the hull of b, is a classical result, see e.g. [99, 105, 85]. The result that 

spec" (.4) = |J spe Cp ° oint (L + Af c ) 

c£Lim (b) 

appears to be new in this generality. However, Avila and Jitomirskaya have a 
comparable result for the case when A is self-adjoint (i.e. L — L' and the potential 
b is real- valued) on Y — £ 2 (Z,C) in their very recent paper [10] (see Theorem 3.3 
there). Moreover, analogous results for uniformly elliptic differential operators on 
R N with almost periodic coefficients date back to Shubin [103]. 

Moreover, note that this result is well-known, as a part of Floquet-Bloch theory 
[50, 51, 31], in the case when b is periodic; in fact one has the stronger result in 
that case, at least when L is given by (7.1), that A is in the spectrum of A iff there 
exists a solution x € Y°°(U) of Xx = Ax which is quasi-periodic in the sense of [50]. 
The latter means that x(m) = exp(ifc • m)y(m) for all m £ Z , where y € Y°°(U) 
is periodic and k € M. N is fixed, so that if x is quasi-periodic then it is certainly 
almost periodic. Thus, if b is periodic then A is in the spectrum of A iff there exists 
a solution x <E Y°°(U) of Ax = Ax which is almost periodic. 

Natural questions are whether this statement still holds for the case when b 
is almost periodic, at least for L given by (7.1), or whether the weaker statement 
holds that A is in the spectrum of A iff, for some c € Lim (6), there exists an almost 
periodic solution x € Y°°(U) of Xx = (L + M c )x. The answer is, to our knowledge, 
unknown. Q 

To illustrate the application of the above theorem in the ID case (N = 1) 
we consider a widely studied class of almost periodic operators obtained by the 
following construction. For some d e N let B : R d — > L(U) be a continuous 
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function satisfying 

B(s + m)=B(s), seR d , meZ d . 
Let a = (ai, . . . , ay) G M d and, for s G K d let & s : Z -> L(U) be given by 

(7.8) b s (n) = B(an + s), n G Z. 

If ai, . . . , ay are all rational, then fe s is periodic. Whatever the choice of ct\, . , . , a^, 
fe s is almost periodic (6 S e Y£p(L(U))). 

For s G M d let [s] denote the coset [s] = s + Z d in R d /Z d . An interesting 
case is that in which 1, a±, a%, ■ ■ ■ , ot c i are rationally independent, in which case 
{[am] : m 6 Z] is dense in M. d /Z d . Then it is a straightforward calculation to see 
that 

(7.9) Um(b s ) = {b t :teR d }. 
Thus, for this case, (7.7) reads as 

(7.10) spec p css (L + M bs ) = spec p (L + M b J = (J spec^ oint (L + M bt ). 

tSK d 

As a particular instance, this formula holds in the case when U = C, d = 1, 
and B(s) = Xcos(2tts), s £ E, for some A € C Then 

(7.11) b s (n) = Acos(27r(an + s)), n € Z, 

and (7.10) holds if a is irrational, in which case b s is the so-called almost Mathieu 
potential. 

We next modify the above example to illustrate the application of Theorem 7.1 
in a particular ID (N = 1) case. 

Example 7.5 Define b s e Yj$(L(U)) by (7.8) and suppose that l,ai,a 2 , . . . ,a d 
are rationally independent. Suppose that / : Z — >• M d satisfies 

lim |/( n + l)-/(n)|->0. 

|n|— »-oo 

Define 6e F°°(L(C/)) by 

b(n)=B(an + f(n)), n G Z. 

Then it is straightforward to see that Lim (6) C {6 S : s G K d }. Since [63, Corollary 
3.97], b s G Lim (6) implies that Lim(6 s ) C Lim(&), we have, by (7.9), that 

Lim (6) = {b s : s£R d }. 

Thus, applying Theorem 7.1 and (7.10), we see that, for every s G R d and every 
p€{0}U[l,oo], 

(7.12) 

spec p css (L + M b ) = spec p css (L + M b J = spec?(L + M b J = \J spec™ int (L + M h ). 

tSR d 

We note that, in the special case that L is given by (7.1) (with N = 1), U = C, 
and B is real-valued, the statement that 

spec 2 oss (L + M b ) = spec 2 (L + M bs ) 

for all s G M. d is Theorem 5.2 of Last and Simon [59] (established by limit operator 
type arguments). As a specific instance where (7.12) holds, let us take U = C, 
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d = 1, and B(s) — Xcos(2tts), sel, for some A G C Then b s is given by (7.11) 
and, taking (as one possible choice), f(n) — In] 1 / 2 , one has 

b(n) = Acos(27r(an+|n| 1/2 )) 

(cf. [59, Theorem 1.3]). □ 

As a further example we consider the case when b is pseudo-ergodic in the sense 
of Davies [29]. Following [29], we call the function b G Y°°(Z N , U) pseudo-ergodic, 
if, for every e > 0, every finite set S C Z N and every function / : S — >• £ :— 
clost/ b(Z N ), there is a z G Z w such that 

\\f(a)-b(z + s)\\ u <e, seS. 

One can show [63, Corollary 3.70] that b is pseudo-ergodic iff Lim (b) is the set S z 
of all functions c : Z w — ► S. In particular, b G Lim (6) if b is pseudo-ergodic. 

Theorem 7.6. If b is pseudo-ergodic then, for all p, 

spec p css (A) = spec p (yl) = (J spec p (L + M c ) = |J spec~ int (L + M c ). 

Proof. The first two '=' signs follow from (7.3) and the fact that b G Lim (b) — S z . 
For the proof of the remaining equality, we refer to the following s-dense subset of 
Lim (b) — S z : Let mi = m 2 = ... = m^ = 1, and let ? stand for the set of all 
periodic functions a; : Z w — > S, that is 



U r «°°( s ) 



with F r ^°(E) defined as in (6.4) (with the slight abuse of notation by writing Y°°(E) 
for E z , i.e. the set of all functions x : Z N — > S). Then ? is s-dense in E z as every 
i£S J can be strictly approximated by the sequence (P n x) C ^ with P n as defined 
in (6.5). If A G C and all limit operators XI- (L + M c ) of A7 -A = XI - (L + M b ), 
including those with c G ?, are injective, then, by Theorem 6.7, we have that 
XI — (L + M c ) is surjective for every c G T- By the equivalence between (a) and (d) 
in Theorem 7.1, this shows that XI — A = XI — (L + M/,) is Fredholm. ■ 

Remark 7.7 It is shown that 

speCg SS (A) = spec 2 (A) = (J spec 2 (i + M c ) 

in [29]. The result that spec p (A) = U c e£ zJV s P ec point(^ + ^c) appears to be new. 

□ 

The above theorems show that, in each of the cases L symmetric, b almost 
periodic, and b pseudo-ergodic, it holds that 

(7.13) specP ss (A) = |J s P ec^ oint (L + M c ). 

eGLim (c) 

We conjecture that, in fact, this equation holds for all c G Y°°(L(U)). For N = 1 
this is no longer a conjecture, as we showed in Corollary 6.49 (which follows from 
our more general results in [20], also see Theorem 6.31 above). For N > 2 however, 
this is an open problem. 
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We finish this chapter with an example demonstrating how Theorem 7.6 can 
be used to compute spectra of Schrodinger operators with random potential b. 

Example 7.8 Let N = 1, p G [1, oo], U = C and take a compact set E in 
the complex plane. We compute the spectrum of A = L + Mb as an operator on 
Y = Y P (U) = £ P (Z) where L = V-i is the backward shift and the function values 
b(k), k G Z, of the random potential b are chosen independently of each other from 
the set E. We assume that, for every a G E and e > 0, F(\b(k) — a\ < e) > 0. Then 
it is easy to see (the argument is sometimes called 'the Infinite Monkey Theorem' 
and it follows from the Second Borel Cantelli Lemma, see [14, Theorem 8.16] or 
[28, Theorem 4.2.4]) that, with probability 1, b is pseudo-ergodic. 

For the calculation of the point spectra in Theorem 7.6, let c G E z and take 
A € C. If x : Z — ► C is a nontrivial solution of (L + M c )x = Xx then x(no) ^ for 
some no £ Z and x(k + 1) = (A — c(k)) x{k) for all k G Z. Note that A ^ c(k) for 
all k < no since otherwise a; (no) = and, w.l.o.g., suppose that £(no) = 1. As a 
consequence we get that 



(7.14) x(n) = 




n > no, 
n < n 



for every n G Z. Now put, for r > 0, 

E[, := |J(a + rD) and E^ := f| (a - 

ereS ctGE 

with D denoting the open unit disk in C and D its closure. 

Clearly, if A ^ Ey then |A — <r\ > 1 for all a G E and hence, for every nontrivial 
eigenfunction x of L+M c , we have that |x(n)| — > oo in (7.14) as n — > +oo, regardless 
of c : Z -)• E. 

Similarly, if A G E^ then |A — a\ < 1 for all a G E and hence, for every 
nontrivial eigenfunction x of L + M c , |a;(n)| — > oo in (7.14) as n — > — oo, regardless 
of c : Z — > E. (Note that no in (7.14) depends on c and A.) 

So in both cases, (L + M c )x = Xx has no nontrivial solution x G Y°°, so 
A g spec^ lnt (i + M c ) for all c G E z . Now it remains to look at A G Ejj \ Ei. In 
this case, let cr, r G E be such that |A — a\ < 1 < |A — r|, which is possible by the 
choice of A, and put c(k) :— r for k < and c(fc) := cr for fe > 0. Then c G E z and 

x = (....(A-rJ^.CA-r^.l.CA-trjSCA-a) 2 ,---) G r°°, 

with the 1 at position no = 0, is an eigenvector of L + M c w.r.t. A. 

Summarising and using Theorem 7.6, we get that, with probability 1, 

(7.15) spec^ = spec^ - (J spec£ int (£ + M c ) = E^E^, 

c6E z 

which confirms, in a simpler and more straightforward way, a result of Trcfethen, 
Contedini and Embree [106, Theorem 8.1] (and see [107, Section VIII]). Equation 
(7.15) is illustrated, for two particular cases, in Figure 7.1. By a simple scaling 
argument, it moreover follows from (7.15) that, with probability 1, 

spec p (eL + A4) = spec p css (eL + Al b ) = E^\E^. 
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FIGURE 7.1. The left image shows, as a gray shaded area, spec p A when E 
is the black straight line of length 1.5. In the right image, one more point (the 
centre of the lower circle) has been added to S which results in S^ = 0. 



Thus 



spec p (eL + M b 



for all e > small enough that T,f 



0, e.. 



: £ u = spec, (M b ) 

. for e e (0, diam S/2). □ 



CHAPTER 8 



A Class of Integral Operators 



In this chapter, we apply the results of Chapter 6 to study a class of operators 
on 

£P(Z N ,U), pG[l,oo], 
co(Z N ,U), P = 

with U — L q ([0, 1} N ) for some fixed q € (l,oo]. In a natural way (cf. [54, §1.6.3]) 
we identify elements x € Y with equivalence classes of scalar-valued functions on 



Y = YP ( U ) = \ , CWN 



(8.1) (x(m))(t) = f(m + t), m€Z N , t€[0,l] N , 

and denote the set of all of these (equivalence classes of) functions / with 

||/||p,<2 := \\x\\y < oo 

by D>'i(R N ) or just &>«. Note that L q ' q {R N ) = L«(R N ). Equipped with the norm 
||-||p, 9 , L p ' q is a Banach space, and (8.1) yields an isometric isomorphism between 
L p,q and Y P (U). We will freely identify these two spaces and the notions of strict 
convergence, limit operators, as well as the operators P m ,Vk S L(Y p (U)) with the 
corresponding notions and operators on L pq (cf. [63, (1.3)]). 

The operators we are going to study on Y alias L p,q are composed, via addition 
and composition, from two basic ingredients: 

• For b e L°° := L°°(R N ), define the multiplication operator M b g L(L p - q ) 

by 

M b f(t) - b(t)f(t), teR N 

for all / € L p ' q . Via the identification (8.1) between L p ' q and Y, we can 
identify Mb with the multiplication operator M c on Y as defined in (4.4), 
where c € £°°(Z N ,L(U)) is such that (c(m)u)(t) = b(m + t)u(t) for all 
m eZ N , u eU = L q ([0, 1} N ) and t e [0, 1]^. Recall from Example 6.6 
that Mf, is rich iff {b(- + k)} ke %N is relatively sequentially compact in the 
strict topology on L°° , in which case we write b € L|° . It is easy to check 
that Lj° is an inverse closed Banach subalgebra of L°° . 

• For k E L 1 := i 1 (M Ar ), define the convolution operator C K e L(L p ' q ) by 

C„/(t) = («*/)(*) = / «(»-*)/(«) da, teR N 



for all / € L p ' q (cf. Example 3.6). As demonstrated in [63, Example 1.28], 
the convolution operator C K on L p ' q corresponds to a Laurent operator 



!).", 
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L on Y, where every entry Afe of [L] = [M—j]i jez N 1S the operator of 
convolution by k{- + k) on U . By Young's inequality, we get that 

||Afc|| < ||kU+[_i,i]w||i 

for every it 6 Z*, and by k e L\R N ) it follows that LeW = W(U). 

We denote by A° the smallest algebra in L(L p ' q ) containing all operators of 
these two types; that is the set of all finite sum-products of operators of the form 
Mb and C K with b £ Ljj° and k £ L 1 . From the above considerations it follows 
that every operator A £ A° , if identified with an operator on Y, is contained in 
the Wiener algebra W. By A we denote the closure of A° in the norm ||.||yy. Note 
that, by (6.33), the closure of a set S C W in the W-norm is always contained in 
the closure of S in the usual operator norm. 

Lemma 8.1. The predual space U^ exists and, if p = oo, then every A £ A has a 
preadjoint operator A 3 on L < q with 1/q + 1/q' = 1. 

Proof. By the choice q £ (l,oo], it is clear that the predual space U < of U = 
L q ([0, 1] N ) exists and can be identified with L q> ([0, 1] N ), where 1/q + 1/q' = 1, 
including the case q' = 1 if q = oo. Now suppose p = oo. Then the predual Y 1 ([/ < ) 
of Y = Y°°(U) exists and corresponds to L 1 ^ in the sense of (8.1). By [63, 
Proposition 1.10] and the fact that both multiplication and convolution operators 
have a preadjoint operator (indeed, M^ = Mb and C^ = C re (_.) for all b £ L°° and 
K £ L 1 ), we see that indeed A < exists for every A £ A. M 

Now let 

J° := {^AC Ki Bi : A u Bi£A°, m £ i 1 } , 

with the sum being finite, denote the smallest two-sided ideal of A° containing all 
convolution operators C K with n £ L 1 , and let J be its closure in the norm ||.||yy, 
hence the smallest W-closed two-sided ideal of A containing all C K . 

Lemma 8.2. It holds that J c UM{L p,q ). In particular, every operator in J is 
Montel. 

Proof. The inclusion J C UM{LP' q ) follows from Lemma 6.24 (a),(c),(d) and the 
fact that C« £ UM(L p ' q ) for all k £ L 1 since the set {V- k KV k : k £ Z N } in Lemma 
6.23 (ii) is just a singleton if K = C K . ■ 

It can be shown that, in the same way as every A £ A° clearly can be written 
as the sum of a multiplication operator and an operator in J° ', also every A £ A 
can be uniquely written as 

(8.2) A = M h + K with b £ L|° and K £ J. 

This follows from [63, Proposition 4.11] with A and J there replaced by the current 
meaning. As a consequence, we get that the factor algebra A/ J is isomorphic to 
i|°, and the coset A + J of A £ A is represented by the function b £ L^ from 

(8.2). 

Theorem 8.3. The operator (8.2) is Fredholm iff it is invertible at infinity and b 
is invertible in L°° . 
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Proof. If A £ A is invertible at infinity and b from its representation (8.2) is invert- 
ible in L°°, then A is Fredholm by Theorem 6.28 (ii) and Lemma 8.2. Conversely, 
let A £ A be Fredholm. By Theorem 6.28 (i) and b), together with Lemma 8.1, we 
get that A is invertible at infinity It remains to show that b from (8.2) is invertible 
in L°°. To see this, take B £ L(L p ' q ) and S,T £ K(LP'«) such that AB = I + S 
and BA = I + T. Then, for every k £ N, we get that 

P k M b BP k + P k KBP k = P k ABP k = P k +P k SP k , 

and hence 

(P k M b P k ){P k BP k ) = P k + S' 

with S' = P k SP k - P k KBP k £ K(L p ' q ([-k,k] N )) by Lemmas 8.2 and 3.19. From 
the last equality and its symmetric counter-part, we conclude that Mp kb = P k M b P k 
is Fredholm on L p ' q ({—k,k] N ), implying that the function P k b is invertible in 
L°°([—k,k] N ), by a standard argument (see e.g. [63, Lemma 2.42]). Since this 
holds for every k £ N, we get that b is invertible in L°° . ■ 

As invertibility of b in L°° turned out to be necessary for Fredholmness of (8.2), 
we will now, without loss of generality suppose that b is invertible, therefore write 

A = M b + K = M b (I + K') with K' = M b -iK ej, 

and then merely study Fredholmness of / + K' . For this setting we can show the 
analogous result of Theorem 7.1. 

Theorem 8.4. For A = I+K with K G J , the following statements are equivalent. 

(a) All limit operators of A are injective on L°°' q and a op (A) has an S— dense 
subset of injective operators on L ,q ; 

(b) All limit operators of A are invertible on one of the spaces L p,q with p £ 
{0}U[l,oo] ; _ ^ 

(c) All limit operators A^ of A are invertible on all the spaces L p ' q with p G 
{0} U [1, oo] and the inverses are uniformly bounded (in p and h); 

(d) A is Fredholm on one of the spaces L p,q with p e {0} U [1, oo]; 

(e) A is Fredholm on all the spaces L p,q with p £ {0} U [1, oo]. 

Thus, for every p £ {0} U [1, oo] it holds that 

spec p ss (A) = (J s P ecP (^) 

A h e<j°p(A) 

(8-3) - (J [spec~ int (^) U speci oint (^)] 

A h £a°p(A) 

and 

spec p (A) = s P ec^ int (A) U spe4 oint (A') U spec^A) 
= speCp oint (^) U spec^ oint (A') U specP ss (A). 

Proof. We start by showing that A is subject to the conditions in Corollary 6.45. 
Clearly, A = I + K is contained in the Wiener algebra and it is rich, by (5.13) and 
since all generators Mf, and C K of A are rich. Predual if and preadjoint A* 1 exist 
by Lemma 8.1, and K £ UM(L p < q ) by Lemma 8.2. 
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The rest of this proof proceeds exactly as that of Theorem 7.1 with one differ- 
ence: Unlike Theorem 7.1, which rests on Corollary 6.46, we here have an infinite- 
dimensional space U and therefore we use Corollary 6.45. ■ 

Example 8.5 The spectra of limit operators of A = I + K can be written 
down explicitly when K £ J is composed of convolution operators C K with k £ L 1 
and multiplication operators M^ with a slowly oscillating function b £ L°°. By the 
latter we mean that 

esssup | b(x + t) — b(x) | — > as |a;| — ^ oo. 

te[o,i] N 

In this case, the multiplication operator Mj, is rich and all of its limit operators are 
multiples of the identity. (In a sense, even the reverse statement is true [62].) As 
a consequence, every limit operator A^ of A = I + K is of the form I + C K with 
some k e I 1 , in which case the set spec p (^4ft,) is the range of the function 1 + Fn 
with F being the Fourier transform on L . □ 

One can now proceed similarly to Chapter 7 to get rid of the second injectiv- 
ity condition in Theorem 8.4 (a) and the second point-spectrum in formula (8.3): 
Clearly, if N = 1, then Corollary 6.48 does exactly this for us. Otherwise, if JV > 2, 
one way to go is to restrict ourselves to symmetric operators in A. We will illus- 
trate another way, that is restricting the generating multiplication operators Mf, of 
A to norm-rich/almost periodic ones, i.e. to work with a type of almost periodic 
functions b £ L°° . 

Let b £ L°° and put c = (fo| fe+ [ ,i]«) fceZ « e F oo (L oc ([0, 1]^)). From Example 
6.6 we know that the following are equivalent: 

• The set {Vkb : k £ Z N } is relatively compact in L°°. 

• The set {14c : k € Z N } is relatively compact in F oo (L oo ([0, 1} N )). 

• c is almost periodic, i.e. c e r A ^(L°°([0, 1} N )). 

• M c is norm-rich/almost periodic (and therefore rich) on Y P (U). 

When this is the case, then we will say that b € L°° is X-almost periodic and write 
b € L^ p . The set of Z-almost periodic functions on R^ is not to be confused with 
the much smaller subset of almost periodic functions on R. . Unlike almost periodic 
functions, the functions in L^ p do not need to be continuous (see [63, §3.4.8] for 
more detail). 

So let Ai\p C A denote the W-closure of the smallest algebra in L(L p,q ) that 
contains all Mf, with b £ Ujfp and all C K with k £ L 1 . Analogously, J7ap be the 
smallest W-closed two-sided ideal in A/\p containing all convolution operators C K 
with k G L 1 . It is not hard to see that Jap = J ("I -Aap- 

As seen before for operators in A, the study of Fredholmness in .Aap can be 
reduced to studying operators of the form I + K with K £ Ji\p- In this case, in full 
analogy to Theorem 7.3, we have the following improved version of formula (8.3): 

Theorem 8.6. If A = I + K with K £ J AP then, for all p £ {0} U [1, oo] and all 
A h £ a°P(A), 

specL(A) = specP(A) = spec^,) - (J spec~ int (B). 

BGa-°P(A) 
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Proof. First of all, A is norm-rich/almost periodic, by Lemma 6.9 and since the 
generators of A&p are norm-rich/ almost periodic. Secondly, a op (K) is uniformly 
Montel, by Lemmas 8.2 and 5.17. Consequently, we may use Theorems 6.38 and 
6.10 (iv), which, together with the equivalence of statements (b) and (d) in Theorem 
8.4, prove this formula. ■ 



CHAPTER 9 



Some Open Problems 



We conclude with a small list of open problems the solutions of which, we 
believe, could be crucial in extending the picture that we have tried to draw in this 
text. We would like to see this list as both a future agenda for ourselves as well as 
an invitation for the interested reader. 

1. Is a version of the limit operator theory possible with L(Y,V) and K(Y,V) 
replaced by S(Y) and SN(Y) ? We know from Lemma 3.3, Corollary 3.5, (3.5) 
and Lemma 3.10 that S(Y) and SN(Y) are "one-sided versions" of L(Y,V) and 
K(Y,V). Moreover, SN(Y) is a closed two-sided ideal in S(Y) - just like K(Y,V) 
is in L(Y,'P). The ideal K(Y, V) shapes the theory presented here in two ways: 
It defines the notion of invertibility at infinity (see Definition 5.1) and that of V- 
convergence (see Definition 4.1). How do these properties change if one works with 
the ideal SN(Y) instead and what is the connection between the new notions of 
'invertibility at infinity' and 'limit operator' ? 

2. A related but rather different question is the following: To what extent 
is a version of the limit operator theory possible with what we termed 'weak limit 
operators' in our discussion of the papers [73, 74] on page 8? To be precise, to what 

extent is a version of the limit operator theory possible replacing V '-convergence (—>) 
in Definition 5.10 of a limit operator by the weaker — > convergence of operators 
introduced in (4-6) in Chapter 4? This question is of interest because weakening 
the concept of a limit operator widens the class of operators that are rich, and 
so potentially widens the applicability of the results in this text. Indications that 
versions of at least some of our results of Chapter 6 may hold in this context are: 
the results of Muhamadiev [73, 74] that we discuss on page 8; and that it is the 

s V 

weaker — \ convergence rather than — > which is required in the theorems in Section 
5.4. 

3. Is S(Y) inverse closed in L(Y) ? We just mentioned that S(Y) is a "one- 
sided version" of L(Y,V) and we know from [85, Theorem 1.1.9] that L(Y,V) is 
inverse closed. Looking back to problem 1, it seems a sensible question to ask 
whether also S(Y) is inverse closed. In Section 3.2 we were able to prove that if 
A is invertible in S(Y) and B = A + K <G S(Y) is a Montel perturbation that is 
invertible in L(Y) then B^ 1 E S(Y). This fact implies inverse closedness of S(Y) 
in cases where Y — Y and P n € K(Y) for all n. 

4- Is the condition of existence of a predual V 3 and preadjoint A"* redundant 
in Theorem 6.17? ...and hence in Theorems 6.28 and 6.44 and Corollaries 6.32, 

98 
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6.43, 6.45 and 6.48? Recall that we use the existence of predual and preadjoint to 
conclude Fredholmness of ^o = A\y from that of A on Y°° , including preservation 
of the index. 

5. Is the hyperplane condition redundant in Theorem 6.44 ? This possibility 
has been discussed in the final section of [64] . The answer is positive if the following 
conjecture holds: <p(Y p (U)) = <p{U), where <p(X) denotes the smallest positive 
integer n for which a Fredholm operator of index k exists on the Banach space X 
(with <p(X) = if all Fredholm operators on X have index zero). 

6. Is there a version of Theorem 6. 31 in arbitrary dimensions N > 1 ? As we 
sketched briefly in the intro to Theorem 6.31, the proof [20] of this result consists 
of three steps. In two of these steps we use the fact that N — 1 and it is not clear to 
us whether and how this condition could be removed. However, we are optimistic 
that the result also holds for N > 1. 

7. What does Theorem 5.20 have to say about the stability of classical ap- 
proximation methods for operator equations (e.g. finite section and discretisation 
methods)? We have not tackled this topic in this text, but some results in this 
direction are in [15, 23, 70, 21] (and see [6, 93, 79, 45, 83, 84, 46, 60, 85, 67, 
63, 19, 92, 97, 98]). 

And finally the classic: 

8. Is the uniform boundedness condition in Theorem 6.28 (Hi) also redundant 
for p £ (1, oo) ? This question is as old as the first versions of Theorem 6.28 (iii). 
For p G {0, 1, oo} the redundancy was shown in [61, 63] and in this text. For the 
remaining cases p € (1, oo) the question remains open (only for A E W it is settled, 
by interpolation between p = 1 and p = oo). See [61, Section 3.3] and [63, Section 
3.9] for a little survey on this question and some humble attempts to tackle it. Also 
note that the redundancy of this uniform boundedness condition is sufficient (and 
in case of a normal operator A also necessary) for the set 



u 



spec(-B) 

Beo-°P(A) 

to be closed. 
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